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CN ■ Abstract. We study lattice Miura transformations for the Toda and Volterra lattices, 

relativistic Toda and Volterra lattices, and their modifications. In particular, we give 

Q\ \ three successive modifications for the Toda lattice, two for the Volterra lattice and for the 

relativistic Toda lattice, and one for the relativistic Volterra lattice. We discuss Poisson 
properties of the Miura transformations, their permutability properties, and their role as 
localizing changes of variables in the theory of integrable discretizations. 
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1 Introduction 

1.1 The original Miura transformation 

This paper is devoted to lattice Miura transformations. Let us start with recalling the 
basic facts about the original Miura transformation, as applied to the Korteweg-de Vries 
(KdV) equation. 

The KdV equation, 

Ut = QuUx - Uxxx , (1-1) 

is a bi-Hamiltonian system, i.e. admits two Hamiltonian formulations with respect to 
two compatible local Poisson brackets: 

6T ^ 6g 



{^,6^}i = /^Ji^rfx, Ji = 9, (1.2) 



and 



6J^ ^ 60 



{J^,G}2= f ^J2^dx, J2 = ~d^ + 2ud + 2du. (1.3) 

J ou ou 

In other words, KdV may be represented in the Hamiltonian form in two different ways: 

ut = Ji(3m'-m,,) = Ji — (-^2+^3^ , (1.4) 

The Miura transformation with parameter (also known as the Gardner transformation) 
reads: 

u = w + ewx + e^w'^ . (1.6) 

Let us list its most important properties. The Miura transformation is actually a dif- 
ferential substitution and therefore, generally speaking, noninvertihle. Therefore nothing 
guarantees a priori that there exists a differential equation for w which is pushed to (|1 . 1|) 
by this transformation. Nevertheless, this is the case, and the corresponding equation is 
the modified Korteweg-de Vries equation MKdV(e): 

wt = Qw{l + e^w)wx - Wxxx ■ (1-7) 

Nothing guaranties a priori also that there exist local Poisson brackets in the w- 
space pushed by (|L^) to either of the brackets (|1.2| ), ( |1.3|) . Indeed, this is not the case. 
However, this is the case for a certain linear combination of these brackets. Namely, 

{■,-}l + 6^{-,-}2 

is the push-forward under (|1.6| ) of the bracket 



(^'^'-/^^'l^- 



with the same Ji = d as before. Correspondingly, the equation MKdV(e) is Haniihonian 
with respect to the latter bracket, i.e. it may be presented as 

Wt = Ji{3w^ + 2eV-w,,) = Ji — [-wl + u^ + -e^w^) . (1.9) 

One can invert ( |1.6D formally, arriving at the formal power series 

w = u-eux + e^{u^^ - u^) + . . . . (1.10) 

Since w is trivially a density of a conservation law for MKdV(e), we get an infinite series 
of conservation laws densities for KdV, as coefficients of the above power series. The 
coefficients by odd powers of e deliver trivial conservtion laws (as Ux by the first power 
of e), but the coefficients by even powers give nontrivial ones (as m, u^ — Uxx ~ u^-, • • •)• 
Finally, it should be mentioned that the origin of the Miura transformation (|1.6|) 
lies in the factorization of Lax operators. Indeed, it is well known that the Schrodinger 
operator 

is a Lax operator for KdV. Now the formula ( |1.6D is equivalent to the following factor- 
ization: 

1 - 4e2(92 -u) = {l + 2ed + 2e'^w){l - 2ed + 2e^w) . (1.11) 

1.2 Lattice Miura transformations 

The main aim of this paper is to collect a huge bulk of variable transformations for lattice 
systems, which can be considered as analogs of the Miura transformation, and to point 
out a remarkable similarity of their properties with the above mentioned ones. 
We consider in this paper integrable lattice systems with local interactions: 

•^k Jkraod'm[,'^k—s^ • • • ; -^k—l^ "^ki -^fc+l; • • • ; •^k+sj \^-^^) 

with a fixed s G N. They may be considered either on an infinite lattice {k G Z), or on 
a periodic one {k G 'L/N'L). The number ?7i G N is called the number of fields. It is 
important that the number s, measuring the locality of interaction, is one and the same 
for all k (and hence is independent on the total number A^ of particles, or lattice sites, 
in the periodic case). 

As two simple examples of such systems, consider the Toda lattice: 

h = cik - ak-i , ak = ak{bk+i - bk) , (1.13) 

and the relativistic Toda lattice: 

6fc = (l + a&fc)(afc-afc-i) , dk = ak{bk+i + aak+i - bk - aak-i) . (1.14) 



Both these systems are two-field, i.e. they have the form (|1.12| ) with m = 2 (to see this 



set bk = X2k-i , cbk = X2k ■ For the Toda lattice we have s = 1, while for the relativistic 
Toda lattice s = 2. These two will be among our basic examples considered in detail in 
the main text. Other examples include the Volterra lattice and the relativistic Volterra 
lattice, and also modifications of these systems. 



The notion of modification is intimately related to the notion of Miura transforma- 
tions. We do not give here a general definition of a Miura transformation, but instead 
briefly summarize the properties of the Miura transformations studied in this paper. It 
turns out that for all our systems ( |1.12| ) the corresponding Miura transformations appear 
in pairs. One of these maps always has the form 

Mi{(i) : Xk = yk + (^^kmodm{yk-s,---,yk-i,yk;e), (1-15) 

while the second one always has the form 

M2{e) ■■ Xk = yk + (^'^kmodm{yk,yk+i,---,yk+s;(^)- (1-16) 

The dependence on the (small) parameter e is analytic in some neighborhood of zero. 
Moreover, there holds the following property: 

^fcrnodml^'^fc) •''fc+l) • ■ • ; •''fc+si UJ ^kinodm\Xk., 3;fc_|_i, . . . , Xk^^si UJ 

J k mod m\Xk— SI ■ ■ ■ ; Xk^l, Xfc, Xfc^x, • . . , Xk-\-s) ■ \^' ^ ' ) 

For instance, the Miura transformations for the Toda lattice (|1.13|) read: 

{bk = Pk + egfc-i , ( bk = Pk + eqk , 

M2(e): (1.18) 

Ok = qk{l + epk) , [ ak = qk{l + (^Pk+i) ■ 

So, the Miura maps are always given by local formulas. It is easy to understand that 
in the case of infinite lattices such maps are noninvertible. Of course, in the periodic case 
the inverse maps always exist, but are given in general by nonlocal formulas. The (small) 
parameter e is called a modification parameter. The remarkable properties of the Miura 
maps may be summarized as follows. 



First, nothing guarantees a priori the existence of a local system of the type ( |1.12|) 
in the variables yk which is pushed to the original system (|1.12| ) by a map of the type 
( |1.15| ) or ( |1.16| ). As we shall be mostly working with the periodic case, we express the 



above statement also in this way: nothing guarantees a priori that the pull-back of the 
differential equations of motion ( |1.12D under the change of variables ( |1.15| ) or ( |1.16| ) will 



be given again by local formulas. However, this is the case for the Miura maps, and can 
be accepted as their (somewhat informal) definition. Of course, the very existence of 
such Miura maps is rather mystifying. The above mentioned local systems in yk form 
one-parameter families of integrable deformations, or modifications, of lattice systems. 
So, the modified system ( |1.12| ) has the form 



yk — Fkmodmiyk-s, ■ ■ ■ , l/fc-l? l/fc, ?/fc+l, • • • ,yk+s', ^) , (1-19) 

where 

-'^ kuiodm\Xk—s: • • • ; Xk—l, Xk, Xk-\-ly • • • ; Xk-\-sj Uj J k mod m\X k— s y • • • ; Xk—1, Xk, 3^fc+l; • • • ; Xk-\-s) ■ 

(1.20) 
For instance, the equations of the modified Toda lattice read: 

Pk = {1 + epk){qk - qk-i) , qk = qkiPk+1 - Pk) ■ (1-21) 



Further, integrable lattice systems ( |1.12D often admit a Hamiltonian formulation, the 
corresponding invariant Poisson bracket {■, ■} being given by local formulas. That means 
that 

{xj^Xk} = 

for I j — A;| large enough. Nothing guarantees a priori that the pull-backs of these brackets 
under the Miura maps ( p..l5| ), (|1.16|) are also given by local formulas. Indeed, as a rule 
these pull-backs are non-local. However, in the multi-Hamiltonian case, when ( |1.12| ) 
is Hamiltonian with respect to several compatible local Poisson brackets, it turns out 
that pull-backs of certain linear combinations of these brackets are local again. These 
pull-backs serve then as invariant local Poisson brackets in the Hamiltonian formulation 
of the modified systems (|1.19|) . A general observation is: the number of invariant local 



Poisson brackets for a modified system is, as a rule, by one less than for the original one. 
For instance, the Toda lattice ( 1.13| ) is a tri-Hamiltonian system, and the modified Toda 



lattice ( |1.21| ) is a bi-Hamiltonian system. 

The integrals of motion for the modified systems are always easily obtainable as 
compositions of the Miura maps with the integrals of motion for the original systems. 
Interestingly, just one integral of the modified system often allows to find the whole series 
of integrals for the original one. To this end one has to invert the Miura maps formally, 
as power series in e. For example, the formal inversion of Mi(e) for the Toda lattice gives: 

' Pk = bk- eflfc-i + e%k-iak-i - t^{hl_^ak-i + 0^-10^-2) + • • • 
< 
, qk = ak- ebkttk + e^{hlak + afcOfc-i) - . . . 

Now it is easy to see that log(l + epk) is a density of a conservation law for the modified 
Toda lattice. The expansion of this density in powers of e reads: 

\og{l + tpk) = ebk-e^[-bl + ak^i) + e^{-bl + bkttk-i + bk-iak-i) - ... . (1.22) 

The coefficient by e" here is nothing but the density of the nth conservation law for the 
Toda lattice. This is, probably, the most direct way to demonstrate the existence of an 
infinite series of integrals for this system. 

Finally, we point out that the Miura maps turn out to provide localizing changes of 
variables for integrable discretizations. We refer the reader to the review [S] for a general 
construction of integrable discretizations for lattice systems, based on Lax representations 
and their r-matrix interpretation. We point out here that this construction leads, as a 
rule, to discretizations governed by nonlocal equations. For instance, equations of motion 
of the discrete time Toda lattice include continued fractions: 

bk = bk + h{^ - -^^ ] , ak = ak ^^ , (1.23) 



where 




/i flfe-i 



1 + hbk- 



h^ak-2 



1 + hbk-2 - 



One way to repair this drawback is based on the notion of localizing changes of variables 
and will be one of our main themes here. It turns out that the change of variables A4i{h), 

Xk = Xfc + /l$fcmodm(Xfc-s, •••,Xfc-l,Xfc;/l) , (1-24) 



conjugates our discretizations with the maps described by the local formulas: 

Xfc + h^k mod m{^k-s, • • • , Xfc_i, Xfc; /l) = Xfc + h"^ kmodm{'^k, Xfe+l, . . . , ^k+s] h) . (1.25) 

So, the local discretizations belong to the modified hierarchies, with the value of the 
modification parameter equal to the time step of the discretization. For instance, for the 
Toda lattice case the Miura map 



Mi(/i) 



ak = afc(l + hhk] 



conjugates the discrete time Toda lattice ( [I.23| ) with the following map belonging to the 
modified Toda lattice hierarchy: 

hk + hsLk-i = hk + hak , 5^(1 + /ib^) = afc(l + /ibfc+i) . (1.26) 

Such implicit local discretizations are much more satisfying from the esthetical point 
of view and are much better suited for the purposes of numerical simulation. (If, for 
instance, one uses the Newton's iterative method to solve (|1.25| ) for x, then one has to 



solve only linear systems whose matrices are triangular and have a band structure, i.e. 
only s nonzero diagonals). 

In the main body of this paper we provide Miura transformations and formulate 
their properties for a wide set of Toda-like systems. After the results are found and 
formulated, it is rather straightforward to prove them, therefore all proofs are omitted. 
For the notions and notations concerning the Lax representations, the reader should 
consult [S] (including them here would unneccessary increase the length of the paper, 
which is already much longer than the author would like it). Many of the results about 
the nonrelativistic Toda-like already appeared in the literature, while the most of the 
results concerning the relativistic Toda-like systems seem to be original. The paper ends 
with some bibliographical remarks. 



Part I 

Nonrelativistic systems 

2 Toda lattice 

2.1 Equations of motion 

The system known as the Toda lattice^ abbreviated as TL, hves on the space T = ]R^^(a, b) 
and is described by the following equations of motion: 

h = cik - a-k-i , at = akipk+i - hk) . (2.1) 

2.2 Tri— Hamiltonian structure 

We adopt once and forever the following conventions: the Poisson brackets are defined 
by writing down all nonvanishing brackets between the coordinate functions; the indices 
in the corresponding formulas are taken (mod A^). 

Proposition 2.1 a) The relations 

{bk,ak}i = -cik , {ak,bk+i}i = -a-k (2.2) 

define a Poisson bracket on T. The system TL is a Hamiltonian system on (T, {■, ■}i) 
with the Hamilton function 

1 TV N 

Ma,b) = -J2bl + J2a,. (2.3) 

^ fc=i fc=i 

b) The relations 

{bk,0'k}2 = —bkClk, {0'k,bk+l}2 = —O'kbk+l 1 

(2.4) 

{bk,bk^l}2 = —dk, {aA;,flfc+l}2 = — flfcOfc+l 

define a Poisson bracket on T compatible with the linear bracket {■, -ji. The system TL 
is a Hamiltonian system on (T, {■, ■}2) with the Hamilton function 

N 

Hi(a,6) = 5]6fc. (2.5) 

k=l 

c) The relations 

{bk,ak}3 = -cikibl + ak), {ak,bk+i}3 = -ak{bl^^ + ak) , 

{bk,bk+i}3 = —o,k{bk + bk+i) , {ak,ak+i}3 = —2akak+ibk+i ■, (2.6) 

{bk-,0'k+i]3 = — afcCfc+i , {afc,&fc+2}3 = — Ofeafe+i 

define a Poisson bracket on T compatible with {■, -ji and {■,-}2- The system TL is a 
Hamiltonian system on (T, {•, ■}^) with the Hamilton function 

1 ^ 
Ho(a,&) = :^IZlog(afc) . 
^ fc=i 



2.3 Lax representation 

Lax matrix T : T h^ g: 

N N N 

T{a, b, A) = A"^ Yl dkEk^k+i + Yl ^kEkk + A XI -^fc+i,fc • (2.7) 

fc=i fe=i fc=i 

Lax representation for TL: 

f=[T,B] = [A,T], (2.8) 

where 

N N 

B = 7r+{T) = YbkEkk + \T.Ek+i,k, (2.9) 

k=l k=l 

N 

A = 7r_(T) = A-i 5] afcEfc,fc+i . (2.10) 

k=l 

2.4 Discretization 

Lax representation for the map dTL: 

f = B^TB = ATA-^ (2.11) 

with 

N N 

B = U+{I + hT) = Y PkEkk + h\Y Ek+i,k , (2.12) 

fc=i fc=i 

AT 

A = n_(/ + hT)=I + h\~' Y c^kEk,k+i ■ (2-13) 



3 Modified Toda lattice 

3.1 Equations of motion 

The phase space of the modified Toda lattice MTL(e) will be denoted by AiT = M^^(g, r), 
the parameter e will be called the modification parameter. Equations of motion of MTL(e) 
read: 

Pk = {1 + epk){qk - qk-i) , Qk = qk{Pk+i - Pk) ■ (3.1) 

3.2 Bi— Hamiltonian structure 

Proposition 3.1 a) The relations 

{Pk,qk}i2 = -gfc(l + epfc) , {qk,Pk+i}i2 = -qk{l + ^Pk+i) (3.2) 

define a Poisson bracket on AiT. The system MTL(e) is Hamiltonian with respect to 
this bracket, with the Hamilton function 

N N 

Gi(g,p) =e"^Xpfc + Xgfc . (3.3) 

fc=l k=l 



b) The relations 

{gfc,Pfc+i}23 = -qk{Pk+i + egfe)(l + epk+i) , 

{Pfc,PA:+i}23 = -gfc(l + ePfc)(l + ePfc+i) 5 

{gfc,g/fc+i}23 = -gfcgfc+i(l + epfc+i) (3.4) 



define a Poisson bracket on M.T compatible with ( p.2| ). The system MTL(e) is Hamilto- 
nian with respect to this bracket, with the Hamilton function 

N 

Go(g,p) = e-^EMl + epfc). (3.5) 

fc=i 

Notice that the function Gi(g,p) is singular in e; it may be done regular, and, moreover, 
an 0(e)-perturbation of H2(g,p) from (|2.3| ), by subtracting 



N 

fc=i 
which is a Casimir function of the bracket {■, ■}i2. 

3.3 Miura relations 

Theorem 3.2 Define the Miura maps Mi^2(e) : AiT{q,p) \-^ T{a,b) by: 

{bk=Pk + eqk-i , ( bk = Pk + ^qk , 

M2(e): (3.6) 

cik = gfc(l + ePfe) , [ ak = gfc(l + ePfc+i) • 

Both maps Mi 2(e) are Poisson, if AiT{q,p) is equipped with the bracket {■, ■}i2, and 
T{a, b) is equipped with {■, ■}i + e{-, ■}2, and also if AiT{q,p) is equipped with the bracket 
{■5 ■}23, and T{a, b) is equipped with {-, ■}2 + e{-, -js. The pull-back of the flow TL under 
either of the Miura maps Mi^2(e) coincides with MTL(e). 

3.4 Lax representation 

Lax matrix (P, Q) : AiT \-^ g g: 

N N 

P{q,p,X) = J2(^ + epk)Ekk + e\Y,Ek+i,k, (3.7) 

fc=i fc=i 

N 

Q(g,p,A) = I + e\-^Y.1kEk,k+i. (3.8) 

fc=i 

Notice that the formulas for the Miura map Mi(e) are equivalent to the factorization 

/ + eT{a, b, A) = P(g, p, X)Q{q, p, A) , (3.9) 

while the formulas for the Miura map M2(e) are equivalent to the factorization 

/ + eT{a, 6, A) = Q{q,p, X)P{q,p, A) . (3.10) 



Lax representation for MTL(e): 

P = PB2- B,P = AiP - PA2 , 
Q = QBi- B2Q = A2Q - QA^ , 



(3.11) 



where 



N N 



B, = 7r+[{PQ-I)/e) = Y.{p^ + eqk-i)Ekk + \Y.Ek+i,k . (3.12) 

fc=i fc=i 

N N 

B2 = Ti+[{QP-I)/t) = Y.iPk + eQk)Ekk + XT.Ek+i,k, (3.13) 

fc=i fc=i 

N 

A, = n^[iPQ-I)/e) = \-'Y.9kil + epk)Ek,k+i, (3.14) 

fc=i 

N 

A2 = n_[{QP-I)/e) = X-'Y.^kil + m+i)Ek,k+i. (3.15) 



fc=i 



The formulas ( p.l2| ), ( |3.13| ) have to be compared with ( |2.9| ) and the definition of the 
Miura maps Mi^2l(e), while the formulas ( p.l4| ), (|3.15| ) have to be compared with ( p.lO|) . 



3.5 Discretization 

Lax representation for the map dMTL(e): 

P = B^^PB2 = A^PA^\ Q = B2^QB^ = A2QA^^ (3.16) 

with 

h N N 

Si = n+(/+-(PQ-/)) = Y.(^k^Ekk + hXj2Ek+,^k, (3.17) 

^ fc=i fc=i 

h N N 

B2 = U+{l+-{QP-I)) = ^/?fEfc, + /iA^Efc+i,fc, (3.18) 

^ fe=i fc=i 

Ai = n^(/ + -(PQ-/)) = I + hX~'Y.4^Ek,k+i, (3.19) 

^ fe=l 

A2 = n_ (/ + - (QP -I)) = / + /iA-1 Yl «r^fe,fc+i • (3-20) 

^ k=l 

3.6 Application: localizing change of variables for dTL 

Consider again the discretization dTL of the Toda lattice. Compare the formula 

I + hT = BA, 



following from ( |2.12D , ( [^.13D , with ( |3.9| ). This comparison shows immediately that the 



Miura map Mi(/i) plays the role of the localizing change of variables for dTL. Indeed, 
define the change of variables T(a, b) i-^ T(a, b) by the formulas: 

{bk = hk + hsik-i , 
(3.21) 
ttk = s.k{l + hhk) . 

Then we find: 

N N 

S = P(a,b,A) = Y.^l + hhk)Eku + h\Y,Ek+i,k. 

k=l k=l 

N 

A = Q(a,b, A) = I + h\'^^aikEk,k+i , 

fc=i 

so that we immediately get local expressions for the entries of the factors B, A : 

(3k = l + hhk , ak = a.k ■ (3.22) 



Theorem 3.3 The change of variables ( p.21| ) conjugates the map dTL with the map 



on 



T{aL, b) described by the following local equations of motion: 

hk + hsik-i = hk + hsik , aik{l + hhk) = Sik{l + hhk+i) . (3.23) 

So, the local form of dTL ( p.23| ) actually belongs to the hierarchy MTL(/i). 

Corollary. The local form of dTL ( p. 231 ) is Poisson with respect to the following 
brackets on T(a, b).- 

{bfc, aj = -afc(l + hhk) , {afc, b^+i} = -afe(l + hhk+i) , (3.24) 

which is the pull-back of the bracket 

{■,-}i + M-,-}2 (3.25) 

on T{a,b) under the change of variables ( |3.21| ), and 

{bfc, afc} = -a-kihk + /iafc)(l + hhk) , 

{a-k, bfc+i} = -afc(bfe+i + /iafe)(l + hhk+i) , 

{bfc,bfc+i} = -a.k{l + hhk){l + hhk+i) , 

{afc,afc+i} = -afcafc+i(l + /ibfc+i) , (3.26) 

which is the pull-back of the bracket 

{■,-}2 + M-,-}3 (3.27) 

on T{a,b) under the change of variables ( |3.21| ). 



4 Double modified Toda lattice 

4.1 Equations of motion 

The phase space of the double modified Toda lattice M^TL(e, 6) will be denoted by Ai^T = 
]R^^(r, s). The parameters e, S will be called the modification parameters. The equations 
of motion read: 

ffc = (1 + erfc)(l + 5rfe)(sfe -Sfe„i) , Sk = Sk{l + e6sk){rk+i - rt) . (4.1) 

Obviously, the parameters e, 6 enter into the system M^TL(e, 5) symmetrically. 

4.2 Hamiltonian structure 

Proposition 4.1 The relations 

{rk,Sk}i23 = -Sk{l + e6sk){l + erk){l + Srk) , 



(4.2) 



{sk,rk+i}i23 = -Sk{l + e6sk){l + erk+i){l + Srk+i) 



define a Poisson bracket on M.^T . The system M^TL(e, 5) is Hamiltonian with respect 
to this bracket, with the Hamilton function 

N N 

Fo(r, s) = {t5)-^ Y. log(l + ^^k) + (e5)-i Y. log(l + e<5sfe) • (4.3) 

fc=l k=l 

The Hamilton function Fo(r, s) is given in the form in which the 5 — * limit is transparent. 
By adding 

which is a Casimir function for the bracket {■,cot}i23, we find an equivalent Hamilton 
function symmetric in e, 5. 

4.3 Miura relations 

Theorem 4.2 Define the Miura maps Mi^2(e;^) '■ J^^T{r,s) i-^ AiT{q,p) by: 

( Pk = rk + 5sk-i{l + erk) , [ Pk = rk + 5sk{l + er^) , 

Mi(e;5): <^ M2(e;(5): <^ 

[ gfc = Sk{l + (5rfc) , I gfc = Sfc(l + 5rfc+i) • 

(4.4) 
Both maps Mi^2(e; <^) o^'^e Poisson, if Ai'^T{y, z) is equipped with the bracket {■, ■}i23, and 
AiT{q,r) is equipped with {■, ■}i2 + S{-, ■}23. The pull-back of the flow MTL(e) under 
each one of the Miura maps Mi^2(e;'^) coincides with M^TL(e, (5). 

Note that introducing the Miura maps Mi 2(e; S) we actually break the symmetry of 
M^TL(e, 5) in the modification parameters. This symmetry may be explained with the 
help of the following statement concerning the permutability of the Miura maps. 



Theorem 4.3 The following diagram is commutative for all i = 1,2, j = 1, 2: 

M,(<5;e) 
M^T MT 



M,(e;5) 



M,(5) 



MT 



M,(e) 



r 



In particular, the compositions Mj(e) o Mj(e; 6) for j = 1,2 have to be symmetric in e, 5. 
Indeed, we have: 



Mi(e)oMi(e;(5) : 



&fc = '^fc + (e + S)sk-i + e6sk-i{rk-i + rk) 
ttk = Sfc(l + erfc)(l + Srk){l + e6sk-i) , 
h = rk + {e + 6)sk + t5sk{rk + ^fc+i) , 



(4.5) 



M2(e)oM2(e;<5) : { (4.6) 

ak = Sk{l + erfc+i)(l + 6rk+i){l + e6sk+i) ■ 

This explains also the sjTiimetry of the Poisson bracket {■,-}i23 ( [4.2|) , since the above 
compositions are Poisson maps between Ai'^T{r, s) carrying this bracket, and T{a, b) 
carrying the bracket 

{■,-}i + (e + 5){-,-}2 + e5{-,-}3. 



4.4 Lax representation and discretization 

Unfortunately, we do not know any interpretation of the Miura maps ( [4.4|) in terms of 
factorization of Lax matrices. The only way we can define the discretization dM^TL(e, 6) 
is to pull-back the map dMTL(e) under either of the Miura transformations Mi2(e;(5), 
or to pull-back the map dMTL((5) under either of the Miura transformations Mi_2(5; e). 

4.5 Application: localizing change of variables for dMTL(e) 

It turns out that the Miura map Mi(e;/i) plays the role of the localizing change of 
variables for dMTL(e). To demonstrate this, consider the following change of variables 
Mr{q,p) ^ MT{q,p): 



Mi(e;/i): 



Qk = qfc(l + ^Pfc) • 



(4.7) 



Then the following expressions may be found for the entries of the factors Bj, Aj (j 
1,2): 



4') = (l + /ip,)(l + /ieq,_i) 
/3f = (l + /ip,)(l + Mfc) 



4^^ = qfc(l+epfc) , 



«r = qfc(l+epfc+i) . 



(4.8) 



(4.9) 



Theorem 4.4 The change of variables ( [4.7| ) conjugates the map dMTL(e) with the map 
on A4T{q^, p) described by the following local equations of motion: 



Pfc + /iqfc-i(l + epfc) = Pfc + /iqfc(l + epk 



qk{l + hpk) = (ik{l + hpk+i) ■ (4.10) 



So, the local form of dMTL(e) ( |4.1CI| ) actualy belongs to the hierarchy M^TL(e; h). 

Corollary. The local form o/dMTL(e) (|4. 1CI|) is a Poisson map with respect to the 
following bracket on A1T(q, r).- 



{Pfc,qfc} 



-qfc(l + heqk){l + epfc)(l + hpk) 



(4.11) 



{qk,Pk+i} = -qfc(l + /ieqfc)(l + epfc+i)(l + /ipfc+i) 
which is the pull-back of the bracket 

{■,-}i2 + h{-r}23 
on A4T{q,p) under the change of variables 



(4.12) 



There is an interesting question on the relation between the local forms of dTL and 
dMTL(e). In other words, how do the Miura maps Mi 2(e) look when seen through the 



localizing changes of variables? The answer is given by Theorem ^^, which in the present 
case may be reformulated as follows: 

Theorem 4.5 a) The following diagram is commutative for j = 1,2.- 



MT{q, p) 



M,(/i;e) 



r (a, b) 



Mi(e;/i) 



Mi(/i) 



MT{q,p) 



M,(e) 



T{a,h) 



where the maps Mi_2(/i;e) are given by 

Mi(/i;e): 



afc = qfc(l + epfc) , 



(4.13) 



M2(/i;e): 



bfe = Pk + eqk{l + hpk 



afc = qfc(l + epfc+i) • 



(4.14) 



b) Either of the Miura maps Mi^2(^;e) conjugates the local form o/dMTL(e) (|4.10|) 
with the local form of dTL (|3.23|) . 



5 Triple modified Toda lattice 

5.1 Equations of motion 

The phase space of the triple modified Toda lattice M^TL(e, 5, 7) will be denoted by 
AA-^T = M^^(a, 6). Three parameters e, 6, 7, all with equal rights, will be called the 
modification parameters. Equations of motion of this system read: 



[l + eh)il + 6h)il + -fh 



a-k 



a-k-i 



dk = ak{l + eSak){l + e'yak){l + S-fak 



5.2 Miura relations 



1 - eS'jbkak 1 - e5-fbkak-ij 
bk+i bk 



(5.1) 



1 - e6jbk+iak 1 - eSjbkttk , 



Actually, the available information about M^TL(e, (5, 7) is not very rich. Even a local 
Hamiltonian structure is not known (and presumably does not exist). All we know is the 
Miura relation to M2TL(e, S). 

Theorem 5.1 Define the Miura maps Mi^2(e, 5;7) : M^T{a,b) t-^ M'^T{r,s) by: 



Mi(e,,5;7) 



rk 



Sk 



bk + 7«fc-i + 7(g + S)bkak-i 
1 - e6-fbkak-i 

akjl + 'ybk) 
1 - e6-fbkak ' 



(5.2) 



M2(e,5;7) 



Tk 



Sk 



bk + 7Qfc + 'yje + S)bkak 
1 - eS-fbkttk 

afc(l + 7bfc+i) 
1 - e5-ibk+iak ' 



(5.3) 



Than the pull-back of the flow M^TL(e, 5) under either of the Miura maps Mi^2(e, ^;7) 
coincides with M^TL(e, (5, 7). 



For these Miura maps again a perinutability statement holds: 

Theorem 5.2 The following diagram is commutative for all i = 1,2, j = 1, 2; 

Mj{e,r,S) 
M^T M^T 



Mi(e,5;7) 



M.(e;7) 



M^T 



M,(e;5) 



MT 



It is of some interest to consider the compositions of the Miura maps Mj(e) oMj(e; 5) o 
Mj(e, 5;7) : M.^T{a,h) ^^ T{a,b) bringing M^TL(e, 5, 7) directly into TL. These com- 
positions depend symmetrically on all three modification parameters e, 6, 7. We give 
here only the formulas for the case J = 1: 



Ofe 



afc(l + ebfc)(l + Sbk){l + 7bfc)(l + e^afc-i)(l + e7afc-i)(l + 5'jak-i] 
(1 - e6jbkak){l - e6'ybkak-iy{l - e6jbk^iak-i) 



&fc + 



bl + Qfc_i 6^_i + afc-2 

OfcOfc-i + ^ ^-; H 



+ 



+ 



1 - tb^bka^-i 1 - e(57bfc-iafc-2, 



1 - tb^bk-\ak-\ 

(e(5 + £7 + bi)ak-\ 

1 - e(576fe_iafe_i \l-e57bfeafc_1 1 - e57bfc_iafc_2, 

(e + 5 + 7)afc_i / 1 1 



+ 



1 - e(576fc_iafe_i \ 1 - eb'^b^ak-^i 1 - eS'jbk^iak- 



1 



5.3 Application: localizing change of variables for dM^TL(e, (5) 

It turns out that the Miura map Mi{e,6;h) plays the role of the localizing change of 
variables for the map dM^TL(e, 5). Indeed, consider the following change of variables 
M^r{r,s)^M^T{r,sy. 



M,ie,5;h): 



Tk 



Sk 



rfc + hsk_i + h{e + 5)rkSk-i 
1 - he6rkSk-i 

Sfcfl + hrk) 



(5.4) 



1 - he6rkSk 

It is useful to notice that the first formula in ( |5.4| ) may be equivalently rewritten as 
[l + erk){l + hesk-i) ^ , ^ {1 + 6rk){l + h6sk-i) 



l + erk 



1 - heSrkSk-i 



^ l + Srk 



1 — heSvkS 



(5.5) 



fe-i 



or else as 



1 + erfc (1 + erfc) (1 + hes^-i] 



l + 6rk (l + (5rfc)(l + Msfc_i 



while the second formula in (5^) has the following two equivalent forms: 

1 + eSsk 



and 



1 + e6sk 



Sk 



Sfc 



1 + eSsk 1 + eSsi, 



heSvkSk 



:i + hrk) 



(5.6) 

(5.7) 
(5.8) 



Theorem 5.3 The change of variables (|5.4|) conjugates the map dM^TL(e, 5) with the 
map on A4'^T{r, s) described by the following local equations of motion: 



1 + erfc 1 + heSk-i 1 + er^ 1 + heSj. 
1 + (5rfc 1 + h6sk_i 1 + 6rk 1 + hSs^ 



Sk 



1 + e6sk 



[I + hvk) 



Sk 



1 + e6sh 



hvk 



+1) 



(5.9) 



(5.10) 



So, the local form ( ^.91) , ( ^.10| ) belongs actually to the hierarchy M^TL(e, 5, /i). We 
discuss now the relation between the local forms of the maps dMTL(e) and dM^TL(e, 6). 
We have to determine how do the Miura transformations Mi^2(e;5) look through the 
localizing changes of variables. The answer is given by Theorem [5.2| , which now takes 
the following form. 

Theorem 5.4 a) The following diagram is commutative for j = 1,2.- 



M^r {r,s) 



M,{e,S-h) 



M^T{r,s) 



Mj(e,h;6) 



M,(e;5) 



MT{q,p) 



Mi(e;/i) 



Mr{q,p) 



where the maps Mi^2{^, h; S) : A^^T(r,s) i-^ A^T(q, p) are given by 

Tk + 6sk-i + (5(e + h)rkSk-i 



Miie,h;5): 



Pfc 



Qfc 



1 - he6rkSk-i 

Sfc(l + Svk) 
1 - he6rkSk ' 



(5.11) 



M2ie, h;S): 



_ Ffe + 6sk + 6{e + h)rkSk 

1 - hedrkSk 

(5.12) 
_ Sfc(l + dvk^i) 

1 - he6rk+iSk ' 



b) Either of the Miura maps y\.i^2{^,h;5) conjugates the local form o/dM^TL(e, 5) 
|;|), ( pJO| ) with the local form o/dMTL(e) ( ^JOl) . 



6 Volterra lattice 

6.1 Equations of motion 

Actually, the Volterra lattice VL is a more symmetric (and parameter free) version of 
the modified Toda lattice. However, as we shall see later on, analogous statement does 
not hold anymore for relativistic generalizations. The phase space of VL will be denoted 
through V = M^^(M,f). The equations of motion read: 

Uk = Ukivk - Vk^i) , Vk = Vk{uk+i - Uk) ■ (6.1) 

6.2 Bi— Hamiltonian structure 

Proposition 6.1 a) The relations 

{Uk,Vk}2 = -UkVk , {Vk,Uk+l}2 = -VkUk+l (6.2) 

define a Poisson bracket on V. The flow VL is a Hamiltonian system on f V, {■, ■}2) with 
the Hamilton function 

N N 

Hi(M,f) = ^Mfc + ^Wfc . (6.3) 

k=l k=l 

b) The relations 

{Uk,Vk}z = -UkVk{Uk + Vk) , {Vk,Uk+l}3 = -VkUk+l{Vk + Uk+l) , 

(6.4) 

{Uk,Uk+l}3 = -UkVkUk+l , {Vk,Vk+l}3 = -VkUk+lVk+l 

define a Poisson bracket on V compatible with {•,-}2- The flow VL is a Hamiltonian 
system on (V, {•, -js) with the Hamilton function 



N N 

Roiu.v) = ^\og{uk) , or }lo{u,v) = ^\og{vk) ■ (6.5) 

fc=i fe=i 

(The difference of these two functions is a Casimir of the bracket {■, -js.) 



6.3 Miura relations 

Define the Miura maps Mi 2 : V 1-^ T: 



Ml 



h = Uk + Vk-i , i bk = Uk + Vk , 

M2 : <^ (6.6) 

, a-k = UkVk , [ ak = Uk+iVk ■ 



Theorem 6.2 a) Both maps Mi^2 : V h-> T are Poisson, ifV is equipped with the bracket 
( |6.2| ), and T is equipped with the bracket ( |2.4| ), and also ifV is equipped with the bracket 
(|6.4] ), and T zs equipped with the bracket ( |2.6| ). 

b) T/ie pull-back of the flow TL mt/i respect to either of the Miura maps Mi^2 coincides 
with VL. 

6.4 Lax representation 

Lax matrix: {U,V) : V ^-^ g g: 

N N 

U{u,v,X) = ^ Ufc^fefc + A ^ ^fc+i,fc , (6.7) 

k=l fc=l 

N 

Viu,v,X) = I + \-'J2^kEk,k+i. (6.8) 

fc=i 

The origin of the Miura transformations Mi 2 hes in the following factorizations of 
the Toda Lax matrix T{a, b, A): the formulas for the map Mi are equivalent to 

T{a,b,X) = U{u,v,\)V{u,v,\) , (6.9) 

while the formulas for the map M2 are equivalent to 

T{a, 6, A) = V{u, V, \)U{u, v, A) . (6.10) 

Lax representation for VL: 

U = UB2 - BiU = CiU - UC2 , 

V = VBi - B2V = C2V - VCi , 



(6.11) 



with 



TV N 

Bi = 7r+{UV) = Y.(uk + Vk-i)Ekk + \Y.Ek+i,k. (6.12) 

fc=i fc=i 

N N 

B2 = 7r+{VU) = Y.(uk + Vk)Ekk + \Y.Ek+i,k^ (6-13) 

fc=i fe=i 

N 

Ci = TX.{UV) = X-'Y.UkVkEk,k+i, (6.14) 

fc=i 

TV 

C2 = 7i_{VU) = \-'J2^k+iVkEk,k+i. (6.15) 

fc=i 



6.5 Discretization 

Lax representation for the map dVL: 

U = B^^UB2 = CiUC^^ , V = B^^UBi = C2VC^^ (6.16) 



with 



N N 

B, = U+iI + hUV) = J2Pk^Ekk + h\J2Ek+i,k, (6.17) 



fc=i fc=i 

N N 

B2 = U+(I + hVU) = Y.(^k^Ekk + h\Y,Ek+i,k, (6.18) 

fc=i fc=i 

N 

C^ = U_(I + hUV) = I + h\-'Y.lk^Ek,k+i, (6.19) 

fc=i 

N 

C2 = n4i + hvu) = i + h\~'Y.^k^Ek,k+i- (6.20) 

k=l 

7 Modified Volterra lattice 

7.1 Equations of motion 

The phase space of the modified Volterra lattice MVL(e) will be denoted by A^V = 
R^^(?/, z), the modification parameter here is e, and the equations of motion read: 

Vk = Vki^ + eyk){zk - Zk-i) , h = Zk{l + ezk){yk+i - Vk) ■ (7.1) 

7.2 Hamiltonian structure 

Proposition 7.1 The relations 

{yk,Zk}2i. = -ykZkil + eyk){^ + <^Zk) , 

(7.2) 
{zk,yk+i}23 = -Zkyk+i{l + ezk){l + eyk+i) 

define a Poisson bracket on M.V{y^z). The system MVL(e) (|7.1|) is Hamiltonian with 
respect to this bracket, with the Hamilton function 

N N 

Go{y, z) = e-i Y. log(l + ^Vk) + e-' E log(l + ezk) . (7.3) 

k=l k=l 

7.3 Miura relations 

The modified Volterra lattice is Miura related to the Volterra lattice as well as to the 
modified Toda lattice. 



Theorem 7.2 a) The flow MVL(e) ig^ is the pull-back of the flow VL (gl]) under 
either of the Miura transformations iW"i^2(e) : MViy^z) ^^ V{u,v) defined by 

Uk = yk{l + (^Zk-i) , ( Uk = yk{l + (^Zk) , 

Mi(e) : { M2(e) : <^ (7.4) 

Vk = Zk{l + eyk) , [ Vk = Zk{l + eyk+i) . 



Both Miura transformations iW"i^2(e) o^^e Poisson, ifAiV{y, z) is equipped with the bracket 
{■, ■}23 and V{u,v) is equipped with the bracket {■, ■}2 + e{-, -ja. 

b) The flow MVL(e) ( [r.l|) is the pull-back of the flow MTL(e) (|3.1| ) under either of 
the Miura transformations Mi 2(e) : A4V{y,z) ^-^ AiT{q,p) defined by 



Mi(e) : 



Pk = yk + Zk-i + tykZk-i 



Qk — ykZk 5 



M2(e) : 



Pk = yk + Zk + eykZk 



Ik — Vk+l^k 



(7.5) 



Both Miura transformations Mi^2(e) ore Poisson, ifj\4V{y,z) and AiT{q,p) carry the 
corresponding brackets {■, ■}23- 

c) The following diagram is commutative for all i = 1,2, j = 1,2: 



MV 



M,ie) 



MT 



M,{t) 



M,(e) 



V 



M, 



r 



7.4 Discretization 

The map MV 1-^ MV denoted by dMVL(e) is by definition conjugated with dVL by 
means of iW"i 2(e), and conjugated with dMTL(e) by means of Mi^2(e)- 

7.5 Application: localizing change of variables for dVL 

The Miura map Mi{h) turns out to play the role of the localizing change of variables for 
the map dVL. Indeed, consider the following change of variables V(u, v) \-^ V{u,v): 



M,{h) : 



Uk = Ufcfl + h^^k-i] 



Vk = Vfe(l + huk) . 



(7.6) 



Then the entries of the factors Bj, Cj (see ( |6.17| )-( |6.20|) ) admit local expressions in the 
coordinates fu, v): 



Pf^^ = il + hnk){l + h^rk-l] 



(1) 
Tk = UfcVfc 



(7.7) 



P'k 



(2) 



(2) 

'l + h\k){l + huk) , %' = Uk+i\-k 



(7. 



Theorem 7.3 The change of variables ( |7.(j| ) conjugates the map dVL with the map on 
V(u, v) described by the following local equations of motion: 

Ufc(l + /iVfc_i) = Ufc(l + /iVfc) , Vfc(l + /iUfc) = Vfc(l + /iUfc+i) . (7.9) 

So, the local form of dVL (|7.9|) belongs actually to the hierarchy dMVL(/i). 

Corollary. The local form o/dVL ( |7.9| ) is a Poisson map with respect to the following 
bracket on V(u, v); 

{Ufe,Vfc} = -UfcVfe(l + /lUfc)(l + /lVfc) , 

(7.10) 

{Vfc,Ufe+i} = -VfcUfc+i(l + /iVfc)(l + /lUfc+i) , 

which is the pull-back of the bracket 

{■,-}2 + h{;-}3 (7.11) 

on V{u,v) under the change of variables ( [7.6|) . 

Now we translate the Miura relations existing between dTL and dVL, as members of 
the TL and VL hierarchies, into the localizing variables. This is achieved by the following 
reformulation of the part c) of Theorem |7.2| 

Theorem 7.4 a) The following diagram is commutative for j = 1,2.' 



V(u,v) 



Mj{h) 



T(a,b) 



Mi(/i) 



Mi(/i) 



Viu,v) 



M, 



T{a,b) 



where the maps Mi^2{h) : V(u, v) i-^ T(a, b) are given by the formulas 

( bfe = Ufe + Vfc_i + /iUfcVfc_i , 
Mi(/i) : (7.12) 

[ afe = UfcVfc , 

and 

bfe = Ufe + Vfc + /lUfcVfc , 

M^ih) : { (7.13) 

a/c = Ufe+iVfc . 



b) Both maps Mi^2{h) are Poisson, ^/V(u, v) is equipped with the bracket ( [7.10| ), anc? 
T(a, b) zs equipped with the bracket (|3.26| ) . 

c) The local form o/dVL ( |7.9| ) «5 conjugated with the local form o/dTL ( |3.23| ) by either 
of the maps M1.2 (/?-)• 



8 Double modified Volterra lattice 



8.1 Equations of motion 

The phase space of the double modified Volterra lattice M^VL(e,(5) will be denoted by 
}A^V = R^^lu, v), the modification parameters by e, 6. The equations of motion read: 



Uk 



Uk{l + euk){l + 6uk) Y T 

\l-e6vkUk 1 



Vk-l 



-e6ukVk-il 



U] 



Vk = Vk{l + eVk)il + Svk) 



Uk+l 



Uk 



l-e5uk+iVk l-e5vkUkJ 



]. 



8.2 Miura relations 

Theorem 8.1 a) Define the Miura maps M"i_2(e; ^) '■ -M^V(tt, v) 



MV{y,z) by: 



Vk 



M2(e;(5): 



Zk 



Vk 



Zk 



Uk{l + 5vk-i) 


1 - e6ukVk-i 


Vk{l + 6uk) 


1 - tdVkUk 


Uk{l + 5vk) 


1 - eSvkUk 


Vk(l + 5uk+i) 



f8.2) 



^.3) 



1 - t5uk+iVk 



Then the pull-back of the flow MVL(e) under either of the Miura maps iVf 1^2 (e; 5) coin- 
cides wi/iM2VL(e,/). 

b) Define the Miura maps Mi^2(e, <^) : M.'^V{u,v) 1-^ M'^T{r,s) by: 



M,{e,5): 



Tk 



Sk 



Uk + Vk~i + (e + 6)ukVk~i 
1 - edUkVk^i 

UkVk 



U) 



1 - edukVk 



M2{e,6): 



Tk 



Sk 



Uk + Vk + {,(^ + S)ukVk 
1 - eSukVk 

Uk+lVk 



1 - e6uk+iVk 



1.5) 



Then the pull-back of the flow M^TL(e, 5) under either of the Miura maps Mi^2{^,S) 
coincides with M^VL(e, 5). 

c) The following diagram is commutative for all i = 1,2, j = 1,2: 



M^V MV 



M,{e-5) 



M,{5) 



MV 



M,(e) 



V 



d) The following diagram is commutative for all i = 1,2, j = 1,2: 

M,{e-5) 
M^V M'^T 



M,{e;S) 



M,{e;S) 



MV 



MT 



Mjie) 



8.3 Application: localizing change of variables for dMVL(e) 

It turns out that the Miura map Mi (e; h) plays the role of the localizing change of 
variables for the map dMVL(e). Indeed, consider the following change of variables 

MViy,z)^MViy,zy. 



Mi{t-h): Vk 



Ykil + hz 



fc-iJ 



1 - hejkZk-i 



Zk 



Zfc(l + hyk) 
1 - hezkjk 



(8.6) 



Theorem 8.2 The change of variables ( p.6| ) conjugates the map dMVL(e) with the map 
on MV{y, z) described by the following local equations of motion: 



Yk 



1 + eyfc 



'1 + hzk-i] 



Yk 



1 + ezfc 



;i + hyk 



1 + eyfc 
1 + ezfc 



[1 + hzk 



1.7) 



l + hy 



fc+ij 



We see that the local form of the map dMVL(e) ( fj.7D belongs actually to the hierarchy 
M2VL(e,/i). 

Finally, we give the translations of the Miura relations of dMVL(e) to both dVL and 
dMTL(e) into the language of localizing variables. This is achieved by reformulating the 



parts c) and d) of Theorem pA 



Theorem 8.3 a) The following diagram is commutative for j = 1,2; 

Mi,2(/i;e) 
MV{y,z) . V(u,v) 



Mi(e;/i) 



M,{h) 



MViy,z) 



M.oie) 



V{u,v) 



Here the maps Mi^2{h',e) : 7VlV(y,z) H-i> V(u, v) are given by the formulas 

yfc(l + ezfc_i) 



M^ih;e) 



and 



M2{h-t) 



Ufc 



Vfc 



Ufc 



Vfc 



1 - /ieyfcZfc_i 


Zfc(l + eyfc) 


1 - HeT^kYk 


yfe(l + ezfc) 


1 - heZkYk 


Zfe(l + eyfe+i) 



1 - /leyfc+iZfe 

Either of the maps Mi^2{h;e) conjugates the local form o/dMVL(e) 
form o/dVL (pj). 

b) The following diagram is commutative for j = 1,2.- 



19) 



I) with the local 



Mi,2(e,/i) 
XV(y,z) ^ -MT(q,p) 



Mi(e;/i) 



Mi(e;/i) 



^V(y,^) 



Mio(e) 



MTiq,p) 



Here the maps Mi 2(6, /i) : A^V(y, z) 1-^ 7WT(q, r) are given by the formulas 

jk + Zfc_i + (e + h)ykZk-i 



Miie,h) : 



M2(e,/i) 



Pfc 



q/c 



Pfc 



q/c 



1 - heykZk^i 
YkZk 



1 - /leyfcZfc 

Yfc + Zfc + (e + h)-ykZk 
1 - /leyfcZfc 

Yfc+iZfc 



1 - heyk+iZk ' 



(8.10) 



(8.11) 



Either of the maps Mi2{e,h) conjugates the local form o/dMVL(e) ( |8.7|) with the local 
form o/dMTL(e) (^A0|') . 



Part II 

Relativistic systems 

9 Relativistic Toda lattice 

9.1 Equations of motion 

We now turn to a tower of modifications connected with the relativistic Toda lattice 
hierarchy, or RTL(a). Here a is a (small) parameter playing the role of the inverse speed 
of light. A typical phenomenon encountered for these relativistic systems is the splitting 
of some notions and results. For example, in the RTL(q;) hierarchy there exist actually 
two simple flows approximating the usual TL as a — > 0. The phase space of this hierarchy 
will be denoted by 7^T = R2^(a, b). 

The flow RTL+(q;) is a polynomial perturbation of TL: 

6fc = (1 + a&fe)(afe -afe„i) , Ok = ak{bk+i - bk + aak+i - aak-i) . (9.1) 

The flow RTL_(a) is a rational perturbation of TL: 

; flfc Ofc-i . / bk+i bk \ , . 

^^ = ^n — I ^ — I — ' «fc = flfc — — 7 -r, — r ■ (9-2) 

1 + abk+i 1 + abk-i \l + abk+i l + abkj 

The first one of these flows resembles the modified Toda lattice MTL(q;), however its 
properties are somewhat different. In particular, it is a tri-Hamiltonian system, while 
MTL(«) admits only two local hamiltonian formulations. 

9.2 Tri— Hamiltonian structure 

Proposition 9.1 a) The relations 

{bk,(ik}la = —(^k , {«fc;^fc+l}la = " «A; ; 

(9.3) 

{bk,bk+l}la = Oittk 

define a Poisson bracket on VST . The flows RTL-i-(q;) are Hamiltonian systems on 
[TZT, {■, ■}ia) with the Hamilton functions 

H^;l^^(a,6) = ^ [-6^ + afcj +a^(6fc + fefc+i)afc + a^^ f-a^ + afcafc+i) , (9.4) 
fc=i ^^ ^ fc=i fc=i ^^ ^ 

N 

H^;)(a,6) = -a-2^1og(l + a6fc), (9.5) 

fc=i 

respectively. The functions H2Q and H2a are in involution in the bracket {■, -jia- 
b) The relations 



{bk,ak}2a — —bkOk , {ak,bk+l}2a — — Ofe&fc+l : 

{bk,bk+i}2a = — Ofc , {ak,ak+i}2a = —akttk+i 



(9.6) 



define a Poisson bracket on TZT{a,b), compatible with {■,-}ia- The flows RTL±(a) are 
Hamiltonian on iRfT ,{-,-}2a) with the Hamilton functions 

N N 

Hi:^(a,6) = ^6fc + a^afc, (9.7) 



k=l k=l 

N 



Yi\-J{a,b) = a-' ^log(l + a6,) , (9.8) 



fc=i 



r(+) «^^ ■H'(~) 



respectively. The functions niJ and H^^ are in involution in the bracket {■, ■}2a- 
c) The relations 

{bk, flfclsa = -a-kibl + Ok) - abkttl , 

{ofc, bk+i}3a = — afe(&fc+i + '^k) — aa^bk+i , 

{bk, bk+l}3a = —O-ki^k + ^fc+l) ~ Ct^feCtfe^fc+l ) 

{Ofc, Ofc+llsa = —2akbk+lO'k+l — Oia.kO'k+l{a.k + «A:+i) ) (9-9) 

{bk-,0'k+i]za = —ctk^k+i — Oibkakat+i , 

{(lk,bk+2}3a = —ak^k+l — Oiakak+lbk+2 , 
{o.k,0'k+2}3a = —Otakak+lO'k+2 

define a Poisson bracket on TZT{a,b) compatible with {■,-}ia and {■,-}2q:- The flows 
RTL-|-(a;) are Hamiltonian on (T^T, {-, -Isaj with the Hamilton functions 

h£H«,&) = ^ll^og{ak)^ (9.10) 

fc=i 

1 Af TV 

HL^(a,&) = -Y.^og{ak)-Y.^og{l + abk), (9.11) 

^ fc=l A:=l 

respectively. The functions WqJ and Hq" are in involution in the bracket {•, -jso. 

Notice that the function Hg" (a, &), singular in a, becomes regular, and, moreover, an 
0(a;)-perturbation of H2(a, 6) from (p.3|), upon adding 



AT AT 

fc=i fc=i 



which is a Casimir function of the bracket {■, -jia- 

Notice also that the bracket {■, ■}2a is actually independent on a in coordinates (a, 6) 
and literally coincides with the invariant quadratic bracket (|2.4| ) of the TL hierarchy. 



9.3 Lax representation 

Lax matrix (L, W"^) : IZT ^^ g ® g: 

N N 

L{a,b,\) = J2i^ + (^bk)Ekk + a\J2Ek+i,k, (9.12) 

fe=l k=l 

N 

W{a,b,\) = I~a\-^Y.(^kEk,k+i- (9.13) 

fc=i 

Lax representation of RTL+(a;): 

L = LA2-AiL, W = WA2-AiW, (9.14) 

with 

TV N 



A^ = 7i+({LW-^-I)/a) = Y.iPk + oiak-i)Ekk + \Y.Ek+i,k. (9-15) 

fc=l k=l 

N N 

A2 = TxJ{W-^L-I)/a) = J2ibk + aak)Ekk + \J2Ek+i,k- (9.16) 



fc=l k=l 

N N 

J2ibk + aak)Ekk + \J2 

k=l k=l 

Lax representation of RTL_(a): 

L = CiL-LC2, W = CiW -WC2, (9.17) 

with 

N 



C^ = n(iI-WL'')/a) = \~'J2 ^^\ Ek,k+, 



^ ak 



f9.18) 



C2 = T^-{[I-L''W)la\ = A-i^-^E,,fc+i. (9.19) 

9.4 Discretization 

Lax representation of the map dRTL_|_(«): 

L = A^^LA2 , W = A\^WA2 , (9.20) 

where 

h N N 

A, = U+{l+-{LW-'-I)) = Y.^kEkk + hXY,Ek+i,k, (9.21) 

'^ k=l fc=l 

h N N 

A2 = Il+[l+-{W-'L-I)) = J2^kEkk + hXY,Ek+i,k. (9.22) 

'^ A;=l A;=l 

Lax representation of the map dRTL_(Q;): 

L = CiLC2^ , W = CiWC2^ , (9.23) 

where 

h ^ 

Ci = U_[l + -{I-WL-^)) = I + hX-^J2'kEk,k+i, (9.24) 

'^ fc=i 

C2 = Il_[l+-{I-L~'W)) = I + h\~^Y.^kEk,k+i- (9.25) 

'^ fc=i 



10 Modified relativistic Toda lattice I 

As a next example of the "relativistic splitting", let us mention the existence of two 
different ways to modify the RTL(a) hierarchy. In other words, there exist two different 
modified relativistic Toda hierarchies. In this section we consider one of them. 

10.1 Equations of motion 

The phase space of the MRTL*-^''(a; e) hierarchy will be denoted by AiTZT = K^^(g,j9). 
As usual, in this relativistic hierarchy there exist two simplest flows. 
Equations of motion of MRTL\_ (a; e): 



Pfc = (1 + apfc)(l + epk){qk - qk-i) , 

(Ik = gfc(l + eaqk){pk+i + aqk+i + eaPfc+i^fc+i - Pk - aqk-i - eapkqk- 
Equations of motion of MRTLl (a; e): 

/T : \ I Ik qk-1 \ 

Pk = {1 + epk] 



(10.1) 



qk = qk 



[1 + apk+i){l + eaqk) (1 + apk-i){l + eaqk-i] 
Pk+i Pk \ 



:io.2) 



l + apk+i 1 + apkJ 

Obviously, the equations of MRTL+ (a; e) are similar to (and slightly more compli- 
cated than) the equations of motion of the double modification M^TL(a, e) of the Toda 
lattice. However, these systems have somewhat different properties. Most obvious are the 
non-symmetric roles played in MRTL^_ (a; e) by the parameters a and e. More serious 
differences will become apparent later on, in particular, the system MRTL+ (a; e) pos- 
sesses two local invariant Poisson brackets, while for M^TL(a;, e) only one local invariant 
Poisson bracket is known. 

10.2 Bi— Hamiltonian structure 

Proposition 10.1 a) The relations 

{Pk,qk}i2a = -gfc(l + ePfc), 

{qk,Pk+i}i2a = -gfc(l + ePfc+i) , (10.3) 

{pk,Pk+i}i2a = ":— {l + epk)il + epk+i) 

1 + eaqk 

define a Poisson bracket on AiTZT (q,p). The systems MRTLj. (a; e) are Hamiltonian 
with respect to the bracket ( |10.3| ), with the Hamilton functions 

N N N N 

Gi^\q,p) = ^'^J2Pk + (1 + e^^a) Yl ^k + aY{pk + Pk+i)qk + oi^Yl qkqk+i{i + epk+i) , 
fc=i fc=i fc=i fc=i 

(10.4) 



N 

Gt\q,p) = (e - a)-'a-' ^ log ((1 + apk){l + eaqk)) , (10.5) 

fe=i 

respectively. The functions G-j^q, and GlJ are in involution in the bracket {-, ■}i2q. 
b) The relations 

{Pk, qk}23a = -QkiPk + eqk + eapkqk){l + epk) , 

{qk,Pk+i}23a = -qkipk+1 + (^qk + (-0iPk+iqk)i^ + (^Pk+i) , 



:io.6) 



{Pfc,Pfc+i}23a = -:r— ^ (1 + epfc)(l + epk+i) , 

1 + eaqk 

{qk,qk+i]23a = -qkqk+i{l + (^Pk+i){l + eaqk){l + eaqk+ 



define a Poisson bracket on AiTZT compatible with ( |10.3| ). The systems MRTL^ (a; e 



i+)i 



are Hamiltonian with respect to this bracket with the Hamilton function 

N N 



fc=l fc=l 



Gha\<l,P) = e-'Y.^og{l + epk) + e~'Y.^og{l + eaqk), (10.7) 



TV 1 I 

GL\q,P) = {e-a)-'Y.^og-^^, (10.8) 

fc=i 1 + "Pfc 

respectively. The functions Gq^ and GqJ are in involution in the bracket {■, ■}23a- 
Notice that the function G^^ (g,p) becomes regular in e upon subtracting 

N N 

e-2 J2 log(l + epk) + e-^ E log(l + ^a^fc) , 
fc=i fc=i 

which is a Casimir of the bracket {■, ■}l2a• 
10.3 Miura relations 

The relation between MRTL''^-*(a; e) and RTL(q;) hierarchies is established in the follow- 
ing statement. 

Proposition 10.2 Define the Miura maps Ml2{oi]e) : AiTZT{q,p) \-^ TZT(a,b) by: 

f h =Pk + egfc-i + eapkqk-i , 
,i+)t^...^. J (10.9) 

, ak = qk{l + epk){l + eaqk-i) , 



Mr (a; 6) 



bk=Pk + eqk + eapkqk , 
M^+)(a;e): <| (10.10) 

a-k = gfc(l + epfc+i)(l + eagfc+i) ■ 



Both maps M^ 2 (a; e) are Poisson, if A47lT{q,p) is equipped with the bracket {■,-}i2a, 
and 7lT{a, b) is equipped with {■, ■}ia + e{-, ■}2a, o,nd also if ^A7lT{q,p) is equipped with 
the bracket {■,■} 23a, and7lT{a,b) is equipped with {■,-}2a + €{-,-}3a- The pull-back of the 
flows RTL-t(a) under either of the Miura maps M[ 2 («; e) coincides with MRTLj. {a; e). 

In the rest of this section we shall sometimes denote by a^ = a^ (g, r), 6^ = bl (g, r) 
the functions given by the formulas (|10.9| ), and by a^ = al. {q,r), b)^ = bk {q,r) the 
functions given by the formulas ( |10.1CI| ). 



10.4 Lax representations 

The next interesting issue of the "relativistic splitting" is the following: the MRTL*^^-* 
hierarchy possesses two different Lax representations. 

The first Lax matrix (Pi, IVf \ Qi) : MTZT ^ g ® g ® g: 

N N 

Piiq,p,\) = ^(l + epfc)(l + eagfc_i)Efefc + eA^Efc+i,fc, (10.11) 

k=l k=l 

N 

Qi{q,p,\) = I + {e-a)\-'Y.9kEk,k+i, (10.12) 

fc=i 

TV 

W^{q,p,\) = I-a\-'J29kil + epk){l + eaqk-i)Ek,k+i- (10.13) 

fe=i 



Notice that the formulas ( |10.9D for the Miura map M^ (a; e) are equivalent to the fac- 
torization 

(1 _ l)l^(a«, 6«, A) + - L(a«, 6«, A) = Pi(g,p, X)Q,iq,p, A) , (10.14) 

along with the formula W{a^^\ h^^\ A) = Wi{q,p, A). 

The second Lax matrix (P2, Q2, ^2^) ■ MTZT ^^ g ® g ® g: 

N N 

P2{q,P,\) = Y.(^ + ^Pk)i^ + ^c^9k)Ekk + eXY.Ek+i,k, (10.15) 

k=l k=l 

N 



Q2iq,P,\) = I + {e-a)\-'Y.^kEk,k+i, (10.16) 

fc=i 

N 

W2{q,p,X) = I-aX-^J2lkil + epk+i)il + eaqk+i)Ek^k+i. (10.17) 



fe=i 



i+)i 



The formulas (|10.10| ) for the Miura map M2 (a; e) are equivalent to the factorization 



(1 _ L)w{a^'\ b^'\ A) + - L(a(2), 6(2), A) = Q2{q,p, A)P2(g,p, A) , (10.18) 



-)iy(a(2),6(2),A) + - 
a' a 

along with the formula W {a^'^\ b^'^\ X) = W2{q,p, A). 

The relation between these two Lax representation is established via the following 
formulas: 

Qi = Q2 , W^'Pi = P2W^2"' • (10.19) 



The first Lax representation of MRTL^ (a; e): 

Pi = P1A3-A1P1, (10.20) 

Wi = W1A2 - AiWi , (10.21) 

Qi = Q1A2-A3Q1, (10.22) 

wfiere 

N N 



fc=i fc=i 

N N 

k=l k=l 

N N 

As = n+[iQ,W,-'P,-I)/e) = Y. {^k^ + »^k-i)Ekk + XT. Ek+i,k ■ 



k=l k=l 

Tfie second Lax representation of MRTL^ (a; e): 

P2 = P2P3-51P2, (10.23) 

Q2 = Q2B1 - B2Q2 , (10.24) 

W2 = W2B3-B2W2, (10.25) 

where 

N N 



Bi=n+[iP2W2'Q2-I)/e) = Y.{b^k^+»^k'^)Ekk + Xj2Ek+i,k 

fc=i fc=i 

N N 

B2 = n^{iQ2P2W2'-I)/e) = J2 {^k^ + »^kli)Ekk + XY. ^k+i, 

k=l k=l 

N N 

Bs = n+[{W,~'Q2P2-I)/e) = Y{bk^+^^k^)Ekk + Xj2Ek+i,k 



k=l k=l 

The relations ( |10.19D assure the identities 

A2 = Bi , As = B2 ■ 
Let us mention the following expressions for the entries of the matrices Aj, Bj above: 

b)^' + aafc_i = Pk + {e + a)qk-i + ea{qk-iPk-i + PkQk-i + aqk-iqk-2 + eaqk^iPk-iqk~2), 

6fc + aa^f}' = Pk + aqk + eg^-i + ea{pkqk-i + qkPk + aqkqk-i + eaqkPkqk~i) , 

^k'^ + "Ofc-i = Pk + aqk-i + eqk + ea{pkqk~i + qkPk + aqkQk-i + (^aqkPkQk-i) ■ 

bf^ + aa[.^^ = Pk + {e + a)qk + ea{qkPk + Pk+iqk + aqk+iqk + eaqk+iPk+iqk) ■ 



The first Lax representation of MRTLi (a; e): 

A = C1P1-P1C3, (10.26) 

W^ = CiWi - W1C2 , (10.27) 

Qi = CaQi-giCs, (10.28) 



witli 



,-^ 1 _L n./) ^^ ri 1 + api.-n 1 + eaofc 



t^2 — ^ 7, 7TT J^k,k+1 — ^ 7, ^ — ; J^k,k+1 

N J-2) N 



'-'3 — ^2^ (2)~ ^k,k+l — ^ 2^ — — ^k,k+l 

1 1 1 -I- ryh) ' 1 1 i 



k=il + ahl'l^ '^"^'^ h l + apk+i 

Tlie second Lax representation of MRTLi (a; e): 



P2 = D1P2-P2D3, (10.29) 

Q2 = D2Q2 - Q2D1 , (10.30) 

W2 = D2W2-W2DS, (10.31) 

with 

fe=il + a6l'^ ^1 l + «Pfe 

-^^2 — A 2^ -^s- -&A:,fc+l — A 2^ — — rvk,k+l , 

fe=il + a6ri t{ 1 + «Pa.+i 

n ,-i>^ 4^^ ^ ,-1 ^ gfc(l + ePfc+i)(l + eagfc+i) ^ 

-t^S — A 2^ 772Y ^k,k+l — A 2^ — -— — r i^fc,fc+l • 

10.5 Discretization 

We discuss here only the discretization of the flow MRTL^_ (a; e). 
The first Lax representation of dMRTL+ (a; e): 

Pi = Ar'PiA3, Wi = A^'WiA2 , Qi = A^'QiA2 (10.32) 



with 



h N N 

A^ = U+[l+-{P^Q^Wr'-I)) = Y.^kEkk + h\Y,Ek+i,u, (10.33) 

^ k=l fc=l 



h N N 

A2 = n+(/ + -(iyfipiQi-/)) = Y.^kEuk + h\Y,Ek+i,k, (10.34) 



^ fc=l k=l 



h N N 

A3 = n+(/+-(Qiiyf^Pi-/)) = ^efcE,fc + /iA^Efe+i,fc. (10.35) 



The second Lax representation of dMRTL+ (a; e): 

P2 = B-'P2Bs, Q2 = S2"'Q2Sl, H^2 = S2"'W^2-B3 (10.36) 

with 

h N N 

B,=U+[l + -{P2W,-'Q2-I)) = Y.^kEkk + h\Y,Ek+i,k. (10.37) 
^ fc=i fc=i 

/? N N 

B2 = Ti+(l + -{Q2P2W2^-I)) = Y.'kEuk + h\Y,Eu+i,k, (10.38) 

^ fc=i fc=i 

B^ = Ii+(l + -{W2^Q2P2-I)) = Y.^kEkk + h\Y,Ek+i,k. (10.39) 

^ fc=i fc=i 

10.6 Application: localizing change of variables for dRTL+(a) 

The role of the locahzing change of variables for the map dRTL+(a) is played by the 
Miura transformation M^ (a; h). Indeed, we have: 

n.(/.^(w--.)).n,((i->-.^.). 



Compare this with ( |10.14| ). We see that if we define the change of variables TZT[a., b) 



TZT{a, b) by the formulas 

{bk = hk + hsik-i + hahkSik-i , 
(10.40) 
ak = afc(l + hhk){l + haa.k-i) , 

then 

/ h \ ^ AT 

uJi+-[lW-'-I)) =Pi{ai,h,^) = T.i^ + hhk){l + haaik^i)Ekk + hXj2Ek+i,k. 



So, we get the following local expressions for the entries of the factors ( |9.21D , ( [9.221 ): 
afc = (1 + /ibfc)(l + ha^k-\) , b^ = (1 + /ibfc)(l + ha^k) ■ 



Theorem 10.3 The change of variables ( p.0.40|) conjugates dRTL+(Q;) with the map 



on 



7^T(a, b) described by the following local equations of motion: 

bfc + ha.k-i{l + ahk) = b^ + ha.k{l + ahk) , 

(10.41) 
afc(l + hhk){l + haa.k-i) = afc(l + hhk+i){l + haa.k+i) . 



So, the local form of dRTL4.(a), i.e. the map ( p.U.41| ), belongs actually to the hierarchy 

MRTLW(a;/i). 



Corollary. The local form o/dRTL+(a) ( |10.41 ) is a Poisson map with respect to the 
following Poisson bracket on 7?.T(a, b).- 

{bfc,afe} = -afc(l + /ibfc) , 
{afc,bfc+i} = -afc(l + /ibfc+i) , (10.42) 

{bfc,bfe+i} = a——- (l + /ibfc)(l + /ibfe+i) , 

1 + haSik 

which is the pull-hack of the bracket 

{•,-}la + MT}2a (10.43) 

on TZT{a, b) under the change of variables (|1 0.401 ), and also with respect to the following 
Poisson bracket on TZT{a.,h), compatible with ( |10.42| ).- 

{bfc, a.k} = -afe(bfc + ha.k + hahka.k){l + hhk) , 
{a.k, bfe+i} = -afc(bfc+i + ha.k + hahk+ia.k){l + hht+i) , 



(10.44) 



{bfc,bfc+i} = -z——r (l + /ibfc)(l + /ibfc+i) , 



{afc, a-k+i} = -afcafe+i(l + /iaafe)(l + hhk+i){l + haak+i) , 
which is the pull-back of the bracket 

{■,-}2a + h{;-}sa (10.45) 

on 7lT{a,b) under the change of variables (|10.40| ). 

11 Modified relativistic Toda lattice II 

We introduce now a modified relativistic Toda hierarchy MRTL'~''(q;; e) different from the 
one considered in the previous section. The presentation will be parallel to that of the 
previous section, and there will be several similar objects denoted by the same letters. 
This should not lead to a confusion. 

11.1 Equations of motion 

In particular, we shall use the notation AiTZT = R^^(g,p) for the phase space of the 
MRTL'~''(q;; e) hierarchy. 

Equations of motion of MRTL+ (a; e): 

Pfc = (l + (e + a)pk) {qk - Qk-i) , 

/ X (11-1) 

/ eapk+iQk+i eaPkQk-i] 

qk = qk\ Pk+i + aqk+i + -r- Pk- aqk-i - -r- ■ 

\ 1 + apk+i l + apk I 



Equations of motion of MRTL_ (a; e): 

Qk Qk-l 



Pfc = (l + (e + a)pfc) ( — 



qk 



+ apfc)(l + apk+i) + taqu (1 + apk-i){^ + apfc) + taqk-i^ 
qk{Pk+i -Pk) 



[1 + apk){l + apk+i) + eaqk 



:il.2) 



11.2 Bi— Hamiltonian structure 

Proposition 11.1 a) The relations 

{Pk, qk}i2a = -qk (l + (e + a)pk^ 
{qk,Pk+i}i2a = -qk{l + {e + a)pk+i) , (11.3) 

-V 



|gfc,gfc+i|i2a = -agfcgfc+i 1 + 



1 + apk+i J 

define a Poisson bracket on AiTZ'T{q,p). The systems MRTLj. (a; e) are Hamiltonian 
with respect to the bracket (|10.3| ), with the Hamilton functions 

N N 

G[t\q,p) = ie + ar'Y.Pk + J2^k, (11.4) 

k=l k=l 

N N / \ 

GS;)(g,p) = (ea)-^Elog(l + «R) + (e«)''Elog 1 + 7TT vTT V ' ^^^'^^ 

respectively. The functions Gj^^ and G^" are in involution in the bracket {-, -jua- 
b) The relations 



{Pk, qk}23a = -qk (pk + (e + a)gfc) (l + (e + «)Pfc 
{gfc,fc+i }23a = -qk{pk+i + (e + a)gfc) (l + (e + a)pfc+i) , 
{pk,Pk+i]22.a = -gfc(l + (e + a)pfc)(l + (e + a)pfc 



1 ' 



{qk,qk+i}23a = -gfcgfc+i(l + 2apfc+i + a(e + a)(gfc + '?/c+i)) 1 + 



1 + aPfcH 



1, 



{pfc,gfc+i}23a = -agfcgfc+ifl + (e + a)pfc) 1 + . , — , (11-6) 

{gA;,Pfc+2}23a = -agfe^fc+lfl + (e + tt)Pfc+2) 1 + , , , 

{qk, gfc+2|23a = -a qkqk+iqk+2 1 + :r- 1 + 



1 + apk+iJ V 1 + «Pfc+2, 



define a Poisson bracket on AiTZT compatible with ( 11.3 ). The systems MRTL^ (c^; e) 



(-)i 



are Hamiltonian with respect to this bracket with the Hamilton function 



N 

G[t\q,p) = (e + a)-' J2 log (l + (^ + «K) , (H-^) 



fc=i 



Gi'J (g, P) = e-^ E log (l + T^) - e-^ E log f 1 + 7T- 



eagfc 



+ apfc)(l + apfc+i) 



:il.8) 



respectively. The functions Goq and GqJ are in involution in the bracket {-, ■}23a- 
Notice that the function GiJ{q,p) becomes regular in e upon subtracting 

N 

{ea)'^ E log (l + (e + (^)Pk] 



which is a Casimir function of the bracket {■, ■}l2a• 
11.3 Miura relations 

The relation between MRTL''~'(a; e) and RTL(q;) hierarchies is established in the follow- 
ing statement. 

Proposition 11.2 Define the Miura maps Mi2{c(;e) : AiTZT(q,p) \-^ TZT{a,b) by: 



M['\a;e): { 



bk=Pk + 



ak = qk\l + 



1 + apk-i 
epk 



(11.9) 



1 + apfc , 



MirHa:e) 



bk=Pk + 



eqk 



ak = qk\l + 



1 + apk+i 
epk+i 



1 + apk+i ^ 



;ii.io) 



Both maps M[J{a;e) are Poisson, if Ai'RT{q,p) is equipped with the bracket {■, ■}i2a, 
and 7lT{a, b) is equipped with {■, ■}ia + (e + «){-, ■}2a, and also if A47lT{q,p) is equipped 
with the bracket {■,-}23a, and lZT{a,h) is equipped with {■, ■}2a + (e + a){-,-}3a. The 
pull-back of the flows RTL-i-(a) under either of the Miura maps Mi2{a; e) coincides with 
MRTLi"^(a;e). 

In the rest of this section we shall sometimes denote by a^ = a[ {q,r), b[' = b[ {q,r) 
the functions given by the formulas ( |11.9| ), and by a^ '^ = al. {q,r), h)^' = b)^'{q,r) the 



functions given by the formulas ( |11.1CI|) . 



11.4 Lax representations 

The MRTL'"-* hierarchy, like the MRTL'^-* one, possesses two different Lax representa- 



tions. 



The first Lax matrix (Pi, W'f \ Qi) : MTZT ^ g ® g ® g: 

N N 



Pi{q,p,X) = ^(l + (e + a)pfe)Efefc + (e + a)A^Efc+i,fc, (11.11) 

fc=i fc=i 

N 

Qi{q,p,X) = / + eA-i^-^^Efe,fc+i, (11.12) 

W^iq,p,X) = I-aX-'Y.qJl + -^^Ek,k+i- (11.13) 

The formulas ( |11.9D for the Miura map Mf (a; e) are equivalent to the factorization 



(l + l)L(a«, 6«, A) - - iy(a«, 6«, A) = Pi(g,p, A)gi(g,p, A) , (11.14) 



along with the formula W{a^^\ b^^\ A) = Wi{q,p, A). 

The second Lax matrix {P2, Q2, W<2^^) : AAIZT ^^ g ® g ® g: 

N N 



P2iq,P,X) = Y.{^ + i^ + ^)Pk)Ekk + {e + a)XY,Ek+i,k, (11-15) 

fc=i fc=i 

Q2(g,P,A) = I + eX-'T.T7^ ^-^.'^+1' (11-16) 

l^2(g,P,A) = J-c^A-^^g,. fl+ ^ '^'+^ "li^fc.fc+i- (11-17) 

^1 V l + apfc+i/ 



(-)^ 



The formulas ( |11.10| ) for the Miura map Mj {a; e) are equivalent to the factorization 



(1 + £)L(a(2), 6(2), A) - - W{a^'\ b^'\X) = Q^iq^p, X)P2{q,p, A) , (11.18) 



along with the formula W{a^'^\ b^'^\ A) = W2{q,p, A). 

The relation between these two Lax representation is established via the following 
formulas: 

Pi = P2, QiW,-' = W2^Q2 . (11-19) 

The first Lax representation of MRTL^ (a; e): 

Pi = P1A3-A1P1, (11.20) 

Wi = W1A2-A1W1, (11.21) 

Qi = QiA2-A3Qi, (11.22) 

where 

A,=n+({e + a)-\T,~I)), j = 1,2,3, 



with 

So, we have the following expressions: 



-1 


k=i k=\ 




N N 

= Y.{Pk + {e + a)qk^i)Ekk + \y,Ek+ 
fc=i k=i 


2 


= y[h^iUaa^l^)Ekk + \yEk+,,u 
fc=i fc=i 




X ^>^ 1 ^, ^ \ 




/ , Vk + Oiqk + 1 

k=i\ 1 + "Pfc-l 1 + OiPk 


3 


= J2[ht^+aaf)E,, + \J2E,^,^, 
k=i k=i 




N N 



N 



= J2[Pk + {e + a)qk)Ekk + XyEk+i,k- 
fe=i fc=i 

The second Lax representation of MRTL^ (a; e): 

P2 = P2B^-B,P2, (11.23) 

Q2 = Q2B1-B2Q2, (11.24) 

W2 = W2B3-B2W2, (11.25) 

where 

B, = n+[ie + a)-\T,-I)), j = 1,2,3, 

with 

Ti = P2W,-'Q2 , T2 = Q2P2W,-' , T3 = W^2"'Q2P2 . 

So, we have now the following expressions: 

N N 

Bi = y{b^k^+aa^^l,)Ekk + \yEk+^,k 

k=l k=l 

N N 

= J2{pk + {e + a)qk-iJEkk + Xj2Ek+i,k , 

fc=l k=l 

N N 



fc=i fc=i 

N / \ N 

Y- / , , e^fc eaqk-iPk \ j^ , \ v- 77. 

^i\ 1 + apfc+i 1 + apfe / ^1 

N N 

B3 = y{h^k^ +aat^)Ekk + \Y,Ek+i,k 
fc=i fc=i 

AT Af 

= y{Pk + {t + a)qk) Ekk + Xj2 Ek+i,k ■ 

k=l k=l 



The relations ( |11.19D assure the identities 

Ai = 5i , A3 = 53 . 
Turning to the flow MRTLi (a; e), we have the first Lax representation: 

A = C1P1-P1C3, (11.26) 

Wi = C1W1-W1C2, (11.27) 

Qi = C3Q1-Q1C2, (11.28) 



with 



N M) 



Ci - X Y. — TTTr Ek,k+i 

k=i 1 + abll^ 



N 



qk[l + {e + a)pi, 



-^ Yl 7Y~~~^ — vrr~~~~T^r~~~ Ek,k+i 



k=l 



+ apk+i){l + apk) + eaqk 



C2 = A 2^ -rjj Ek^k+1 

k=i l + abl' 



, 1 ^ gfc (1 + (e + a)pk) (1 + apk-i] 

fc=i ((1 + apk) (1 + apk-i) + eagfc-i) (l + aPk) 



'^s = A ^ I] / (2) ^fc,fc+i 
fc=i 1 + aOfc 

^ gfc(l + (e + a)p. 



+ apfc+i)(l + apk) + eaqk 



A z2 /I , N/1 , __ N / _ „. -E'fc,A;+l 



fc=i 
The second Lax representation of MRTL_ (a; e): 

P2 = DiP2-P2D2, (11.29) 

Q2 = D2Q2 - Q2D1 , (11.30) 

W2 = D2W2-W2D3, (11.31) 



with 



-1 "^ «i'^ 
-Di = A 2^ Tjs- -Efc.fe+i 

fc=i 1 + afe^i 



A-i y gfc(i + (g + «Ky ^^ 

^^ {1 + apk+i){l + apk) + eaqk 



-1 ^ CLk^ 

D2 = \ ^J2— — r(2r^'=.'=+i 

k=i 1 + a&fc+i 



^^^ qk[l + {^ + a)Pk+i)[l + aPk+2) 

— / 7 \~7 \" ^k,k+l 1 

k=i ((l + apfe+2)(l + ttJ5fc+i) + eagfc+1 ) ( 1 + aPfe+1 . 

k=i 1 + abl' 
,„i,^ gfe(l + (e + a)pfc+i^ 

— A y — r -C//^ k-\-l • 

11.5 Discretization 

We discuss here only the discretization of the flow MRTL\_ (a; e). 
The first Lax representation of dMRTL^T («; e): 

Pi = A^'PiAa , m = A^'WiA2 , Qi = A^'Q^A^ (11.32) 

with 



A, = U+(l + ^{P,QiW^'-I)) = Y.^kEkk + hXY.Ek+i,k, 

h N N 

^ e + " ^ fc=i fe=i 

h N N 

A3 = n+(/ + ^(QiiyriPi-/)) = Y.'kEkk + h\Y.Eu+i,k. 

^ + ^ fe=i k=i 

The second Lax representation of dMRTL\_ (a; e): 

P2 = B^^P^B^ , (52 = B2-^g2Si , W2 = B^'W^B, (11.33) 

with 

h N N 

Bi = uJl+^iP2W,-'Q2-I)) = J2^kEkk + h\J2Ek+i,k, 

h N N 

B2 = U+{l+^{Q2P2W,-'-I)) = Y.'kEkk + hXY,E,+,,k, 

^ + (^ k=i k=i 

h N N 

B^ = Y[+(l+^{W^^Q2P2-I)) = Y.hEkk + hXj2Ek+,,k. 

^ + o^ k=l k=l 

11.6 Application: localizing change of variables for dRTL (a) 

The Miura transformation Mj^ (a; h) plays the role of the localizing change of variables 
for dRTL_(Q;). The reason for this lies in the following identity: 



This has to be compared with ( |11.14| ). This comparison imphes that, if we define the 
change of variables TZT{si, b) ^-^ TZT{a, b) by the formulas 



M'f\a;h) : { 



hk + 



Ofc = Hfc 1 



1 + ahk-i 

hhu 

+ — 

1 + ahk 



(11.34) 



then 



n_ (^/ + - (/ - L-'w)j = Qi (a, b, A) = J + h\'^ J2 Y 



afc 



E, 



k,k+l 



^ j^^ 1 + ahk 

So, we get for the entries of the factors ( p.24| ), ( p.25| ) the following local expressions: 

afc afc 



Cfc 



1 + abfc+i 



^A; 



1 + ahk 



Theorem 11.3 The change of variables ( p.l.34D conjugates dRTL_(Q;) with the map on 
TZT{a., b) described by the following local equations of motion: 



bfc + 



/la, 



■fc-i 



afc 1 + 



1 + ahk-i 
hhk 



bfc + 



ha-k 



1 + ahk+i 

hhk+i 



;il.35) 



ahk, 



afc 1 + 



1 + abfc+i 



So, the local form of dRTL_(a) (|11.35|) belongs to the hierarchy MRTL^^'(q;; h). 

Corollary. The local form o/dRTL_(a) (|11.35|) is a Poisson map with respect to the 
following Poisson bracket on 7^T(a, b); 



{bfc,afe} = -Sikil + {h + a)hk^ 
{afc,bfe+i} = -afe(l + (/i + a)bfc+i^ 

^ hhk+i 



(11.36) 



{afc, ^k+i} 



-aafca^+i 1 



1 + abfc+i^ 
which is the pull-back of the bracket 

{■,-}ia + {h + a){-,-}2a 



11.37) 



on TZT{a, b) under the change of variables ( |11.34| ), and also with respect to the following 
Poisson bracket on TZT{a,h) compatible with ( |11.36| ).' 



{bfe,afc} = -ak{hk + {h + a)aik)[^ + ih + a)hk^ 
{sik, bfc+i} = -afc(bfc+i + {h + a)a.k) (l + {h + a)hk+i^ , 
{hk,hk+i} = -a.k(l + {h + a)hk){l + {h + a)hk+i 



{afe,afc+i} = -afcafc+i(l + 2abfe+i + a(/i + a)(afc + afe+i)) 1 



1 + ahk+i 



{bfc,afe+i} = -aafcafe+i(l + (/i + a)bfc) 1 + -— ^J^ , (11.38) 

{afc, bfc+2} = -aa^afe+ifl + {h + a)hk+2) 1 + -r- — ^r^^ , 

^ ^ \ 1 + ahk+ij 



2 It, ^bfc_|_i \ / /?.bfc_|_2 



{afc,afc+2} = -a afcafc+iafe+2 1 + tt- — r 1 



1 + ahk+iJ \ l + abfc+2/ 
which is the pull-back of the bracket 

{■,-}2a + (/i + «){-,-}3a (11.39) 

on TZT{a,b) under the change of variables (|11.34| ). 

12 Double modified relativistic Toda lattice 

12.1 Equations of motion 

We shall not elaborate all branches of the tree of successive modifications of the rela- 
tivistic Toda lattice, and restrict ourselves with one possible modification of one of the 
modified relativistic Todas, namely of MRTL''''''(a; e). The phase space of the correspond- 
ing hierarchy M^RTL (a; e, 5) will be denoted by Ad^TZT = R^^(r, s). The equations 
of motion of the simplest representative of this hierarchy read: 

. _ (1 + arfc)(l + erfc)(l -|- Srk){sk - Sk-i) , . 

I- e5aD{sk,rk,Sk-i) 

/I , A/1 , r \(T , r .( rk+i + aSk+i + a{e + 5)rk+iSk+i 

Sk = Sk{l + eask){l + dask){l+e6sk){ ^^-7 r 

V 1- edaD{Sk+i,rk+i,Sk) 

(12.2) 



1 - e6aD{sk+i,rk+i,Sk) 
Tk + ask-1 + a(e -F 5)rkSk-i 



l-e5aD{sk,rk,Sk-i) 

where 

D{sk, rk, Sk-i) = rkSk-i + Skrk + aSkSk-i + a{e + 5)skrkSk-i ■ (12.3) 

12.2 Hamiltonian structure 

Proposition 12.1 The relations 

{rfc,Sfc}i23a = -Sk{l + t5sk){l + trk){l + 5rk), 
{sfc,rfc+i}i23a = -Sk{l + e5sk){l + erk+i){l + 6rk+i) , (12.4) 

{rfe,rfc+i}i23a = ttTTT— ^ w, ,\ (1 + cr^) (1 + (5rfc) (1 + er^+i) (1 + (^r^+i) . 

define a Poisson bracket on Ai^TZT. The flow M^RTL^_ (a;e,5) is Hamiltonian with 
respect to this bracket with the Hamilton function 

N N N 

Fo„(r, s) = ie6)-' ^ log(l + 6rk) + {e6)-' ^ log(l + e6sk) + (eSy' ^ log(l + Sask) 

k=l k=l k=l 



N 

{e5)-'Y.^og{l-e5aD{ 



Sk, ^k, Sk-l 



:i2.5) 



k=l 



12.3 Miura relations 

Theorem 12.2 Define the Miura mapsM[2{a; e; 6) : Ai^TZT i-^ AiTZT by the formulas: 

ru + 5sk-i + 5{e + a)rkSk^i 



r{+) 



Wi\a]t]6): { 



r(+) 



M'^\a-e-6): 



Pk 



Qk 



Pk 



Qk 



1 - e6arkSk-i 

gfc(l + Srk){l + Sask-i) 
l-e6aD{sk,rk,Sk-i) 

_ Tk + Ssk + ^(e + a)rkSk 
1 - e5arkSk 

Skil + 5rk+i)il + 6ask+i) 



:i2.6) 



:i2.7) 



1 - e6aD{sk+i,rk+i,Sk) 

Both maps M[J (a; e; 5) are Poisson, if Ai^TZT is equipped with the bracket {■, ■}i23a, cind 
AiTZT is equipped with {■, ■}i2a + 5{-, ■}23a- The pull-back of the flow MRTL^ '{a; e) with 
respect to either of the Miura maps M^ 2 (*^5 ^5 ^) coincides with M^RTL_(_ (a; e, 5). 

The foUowing statement holds concerning the permutability of the Miura maps. 
Theorem 12.3 The following diagram is commutative for all i = 1,2, j = 1, 2: 



M^nr 



M 



(+), 



a: 6: e) 



MTZr 



r(+) 



Mr(a;e;5) 



W\a-.S) 



MTzr 



MJ+^(a;e) 



nr 



12.4 Application: localizing change of variables for dMRTL+ (a; e 

The map M^ {a; e; h) turns out to play the role of the localizing change of variables for 
dMRTL+ (a; e). Indeed, define the change of variables A4TZT{q, p) 1-^ A4TZT{q,p) as 

Pk + hqk^i + h{e + a)pk(lk~i 



M['^\a;e;h): < 



Pk 



Qk 



1 - heapkqk-i 

qfc(l + /j,pfc)(l + /j,aqfc-i) 
1 -heaD{qk,Pk,(lk~i) 



:i2.8) 



where, as before, 

Diqk, Pfc, qfc-i) = qfePfc + PfcQfc-i + aqfeqfc-i + {h + e)aqkPkq.k-i ■ (12.9) 

Let us notice that the expression for pk is symmetric in a, e, and may be represented 
in two equivalent alternative forms: 

l + epk = z 7 ^ l + apk = r > (12.10) 

1 - heapk^k-i 1 - heapk^k-i 



or else as 

1 + epk (l + epfc)(l + /ieqfc_i) 



'12.111 



1 + apk (1 + apfc)(l + haqk-i) ' 

The expression for qk in (|12.8| ) does not enjoy the a <-> e symmetry anymore; it may be 
equivalently rewritten as 

l + eagfc = — — — — , 12.12 

l-heaD{qk,Pk,qk-i) 

or else as 

Qk ^ qkjl + hpk)il + haqk-i) 

1 + eaqk {1 + eaqk){l - heapkqk-i) ' 

It can be proved that under this change of variables the following local expressions for 

the factors ( |To:3^ )- ([To:35| ) and ( |To31 )- ([To:39| ) hold: 

_ (1 + hpk){l + haqk-i){l + heqk-i){l - heapk-iqk^2) ,-.^ , .^ 

(1 - heapkqk^i) (1 - heaD{qk-i, Pk-i, qk-2)) 



[1 + hpk){l + haqk){l + heqk-^i] 
1 - heaD{qk,Pk,qk-i) 



12.15) 



1 + /ipfe 1 + haqk-i){l + htqk) no ^R\ 

^k = 7 p^T ^ • (12.16) 

1 - heaD{qk,Pk,qk-i) 

_ (1 + hpk){l + haqk){l + heqk){l - heapk+iqk+i) , . 

(1 - heapkqk){l - heaD{qk+i, Pk+i, qk)) 



Theorem 12.4 The change of variables ( |12.8|) conjugates dMRTL^ (a; e) with the map 
on }ATZT{q, p) described by the following local equations of motion: 

(1 + epfc)(l + heqk-i) (1 + epA;)(l + heqk) 



1 - heapkqk-i 1 - heaqkPk 

qk{l + hpk){l + haqk-i) _ qk{l + hpk+i){l + haqk+i) 

I - heaD{qk,Pk,qk-i) I - heaD{qk+i,Pk+i,qk) 
The equivalent form of the above equations of motion: 

1 + epfc 1 + /ieqfc_i _ 1 + ep^ 1 + heqk 

1 + apk 1 + haqk-i 1 + apk 1 + haqk 

qk {I + hpk){l + haqk-i) qk {I ^ hpk+i){l ^ haqk+i] 



;i2.i8) 
;i2.i9) 

;i2.20) 



1 + eaqk 1 - heapkqk-i 1 + eaqk 1 - heaqk+iPk+i 



'12.211 



We see that the local form of dMRTL^ (a; e) given in the previous theorem belongs 
actually to the hierarchy M^RTL (a; e, h). 

Corollary. The local form of dMKTL), ' {a; e) is a Poisson map with respect to the 
following Poisson bracket on A4TZT{(i,r): 



{rfc,qfc} = -qfc(l + /ieqfc)(l + /irfc)(l + erfc) , 

{(Ik, rfc+i} = -qfc(l + heqk){l + hvk+i){l + er^+i) , 

qk{l + heqk) 



12.22) 



{rfc,rfc+i} 



a 



[1 + eaqfc)(l + /iaqfc) 
which is the pull-back of the bracket 

{■, ■}l2a + h{-, ■}23a 



1 + hrk)il + erfe)(l + /irfc+i)(l + er^+i^ 



;i2.23) 



on A47lT{q,r) under the change of variables ( |12.8D . 

Finally, let us consider the relation between the local forms of the maps dRTL_(.(a;) 
and dMRTL_|_(Q;; e). In other words, how do the Miura maps M^^ 2 (c^i ^) look when seen 



through the localizing changes of variables? The answer is given by Theorem |12.3| , which 
can be reformulated as follows: 

Theorem 12.5 The following diagram is commutative for j = 1,2; 



MTZTiq, p) 



M'f^\a;h;e) 



nT{a, b) 



M['^\a;e;h) 



M[^\a;h) 



M'R.T{q,p) 



M^;\a;e) 



7^T(a, b) 



where the maps M^^ 2 (q^5 ^5 ^) ^^^^ given by 

Pk + eqfc-i + e(^ + a)pkqk~i 



MS+^(a;/i;e) : <! 



afc 



Mi-'\a-h-e): { 



afc 



1 - heapkqk-1 


qfc(l + epfc)(l + eaqfc_i) 


l-heaD{qk,Pk,qk-i) 


Pfc + eqfc + e{h + a)qkPk 


1 - heaqkPk 


qfc(l + epfc+i)(l + eaqfc+i) 



1 - heaD{qk+i, Pfc+i, q^) 



12.24) 



;i2.25) 



13 Relativistic Volterra lattice 



13.1 Equations of motion 

The systems related to the flows RTL-i-(a) in the same way as VL is related to TL, are 
naturally called relativistic Volterra lattices RVL-|-(a;). Their phase space will be denoted 
by TZV = R^^(u, f). At this point the next instance of the "relativistic splitting" appears: 
there are two systems playing the role of RVL_(_(a), namely 



and 



Uk = Uk{vk - Vk-i + aukVk - auk-iVk-i) , 
Vk = Vkiuk+i -Uk + auk+iVk+i - aukVk) , 

Uk = Ukivk - Vk-i + auk+iVk - aukVk-i) , 



(13.1) 



:i3.2) 



Vk = Vk{uk+i -Uk + auk+iVk - aukVk-i) ■ 
Similarly, there are two systems playing the role of RVL_(a), namely 



and 



Uk = Uk 



Vk = Vk 



Uk = Uk 



Vk =Vk 



Vk 



Vk-1 



l + a{uk+i + Vk) 1 + a{uk + Vk-i) ^ 

Uk+l Uk ^ 



;i3.3) 



l + a{uk+i + Vk) 1 + a{uk + Vk-i) ^ 



Vk 



Vk-l 



l + a{uk + Vk) 1 + a{uk^i + Vk^i) ^ 

Uk+l Uk ^ 



;i3.4) 



1 + a{uk+i + Vk+i) l + a{uk + Vk)J 
Obviously, ( |13.1|) and (|13.2|) are related by means of a simple shift 



Uk = Vk, Vk = Uk+l , 



;i3.5) 



and the same holds for (|13.3|) and (|13.4| ). Therefore we restrict ourselves to considering 
only one system of each pair. We reserve the notation RVL+(a) for the flow (|13.1|) , and 
RVL_(a) for the flow {^t^. 

13.2 Bi— Hamiltonian structure 

Proposition 13.1 a) The formulas 

{Uk,Vk}2a = -UkVk , {Vk,Uk+l}2a = -VkUk+1 , (13.6) 

define a Poisson bracket on TZV. The systems RVL±(a) are Hamiltonian flows on 
TZV, {■, ■}2a), with the Hamilton functions 



N 



R\J (m, v) = J2 ("fc + Vk + aUkVk) 



:i3.7) 



k=l 



and 

N 

B!fJ{u,v) = a-^ Y,\og(l + a{uk + Vk-i)) , (13.8) 

fc=i 

respectively. The functions WiJ and H^^ are in involution in the bracket {■, ■}2a- 
b) The relations 

{Uk, Vk}^a = -UkVkiUk + Vk + aUkVk) , 

{ffc,Mfc+l}3a = -VkUk+l{Vk+Uk+l) , 

{Mfc,Mfc+l}3a = -UkVkUk+lil + auk) , (13.9) 

{ffc,ffc+l}3a = -VkUk+lVk+li.^ + <^Vk+l) , 

{Vk, Uk+2}?.a = -(^VkUk+lVk+lUk+2 

define a Poisson bracket on TZV compatible with {■,-}2a- The systems RVL-i-(q;) are 
Hamiltonian flows on (T^V, {■, ■Jsq,), with the Hamilton functions 

iil^J{u,v) = -Y,\og{ukVk) (13.10) 

^ fc=i 

and 

N N 



^ia\u,v) = -J2^0S{UkVk) -J2^^^{^+'^(^k+Vk-l)) , (13.11) 

^ fe=l fc=l 

respectively. The functions HqJ and Yvq^' are in involution in the bracket {■, -jaQ,. 



13.3 Miura relations 

The relativistic Volterra hierarchies are related to the relativistic Toda hierarchy by means 
of literally the same Miura transformations as the nonrelativistic one, i.e. 

h = Uk + Vk-i , ( bk = Uk + Vk , 

Mi: { M2 : < (13.12) 

Ofc = UkVk , [ ak = Uk+iVk . 



It turns out that the flows ( p.3.1|) , (|13.3|) are connected with Mi, while the flows ( |13.2|) 



13. 4|) are connected with M2. We restrict ourselves with the Mi case. 



Theorem 13.2 Both Miura maps Mi 2 : TZV{u,v) ^—>- TZT{a,b) given in ( |13.12|) are 



Poisson, provided both spaces IZV and VST carry the corresponding brackets {■, ■}2a. The 
Miura map M\ is also Poisson, provided both spaces TZV and TZT carry the corresponding 
brackets {■, ■}3a- The pull-back of the flows RTL-i-(a) under the Miura map Mi coincides 
with RVL-|-(q;). 

The bracket on TZV analogous to {■, -jsa and assuring the Poisson property of M2 case 
can be obtained via the shift transformation (|13.5| ). 



13.4 Lax representation 

Lax matrix (f/, W~^, V) : TZV ^ g ® g ® Q- 

N N 

U{u,v,\) = J2^kEkk + >^J2^k+i,k , (13.13) 

k=l fc=l 

N 

V{u,v,\) = I + \-'J2vkEk,k+i, (13.14) 

fc=i 

N 

W{u,v,\) = I - a\'^^UkVkEk^k+i ■ (13.15) 

fe=i 

Notice that the formulas 

hk = Uk + Vk-i , Ofc = UkVk 
for the Miura map Mi are equivalent to the following factorization: 
L(a, 6, A) — W{a, b, A) = aU{u, v, \)V{u, v, A) , 

while the formulas 

bk = Uk + Vk , ak = Uk+iVk 
for the Miura map M2 are equivalent to the following factorization: 

L(a, 6, A) - W{a, b, A) = aV{u, v, \)U{u, v, A) . 

Lax representation of the flow RVL+(a): 

il = UA3-AiU , V = VA2-A^V , W = WA2-AiW, (13.16) 

with 

N N 

Ai = ^+{UVW-^) = Y.^Uk + Vk^i + aUk^iVk^i)Ekk + \Y.^k+i,k. (13.17) 

fc=i fc=i 

N N 

A2 = n+{W-^UV) = Y.(uk + Vk-i + aUkVk)Ekk + \Y.Ek+i,k. (13.18) 

fc=l A;=l 

AT N 

A:i=n+{VW-^U) = Y.i^k + Vk + aukVk)Ekk + \Y.Ek+i,k- (13.19) 

fc=i fc=i 

Lax representation of the flow RVL„(q;): 

{/ = CiU -UC3, V = CsV - VC2 , W = CiW - WC2 , (13.20) 

with 

N 



^ ' ^^ l + a(Mfc+i + t;fe) 



N 

UkVk 






^^ l + a[Uk + Vk-i) 



;i3.21) 
:i3.22) 



N 

^ ^ ^^ l + a(Mfc+i + t;fe) 



where /(T) = (^I - {I + aT)-^)/a. 



13.5 Discretization 

The discrete Lax equations for the map dRVL+(Q;): 

U = A^^UAs , V = A^^VA2 , W = A{^W A^ , (13.24) 

where 

N N 

Ai = U+{l + hUVW'') = J2^kEkk + h\J2E,+,,,, (13.25) 

k=l fc=l 

N N 

A2 = U^{l + hW-'UV) = Y.PkEkk + h\J2Ek+i,k, (13.26) 

k=l k=l 

N N 

As = U+{l + hVW-'u)=J2^kEkk + h\J2E,+,,,. (13.27) 

fc=l k=l 

The discrete Lax equations for the map dRVL_(a): 

U = CiUC^^ , V = CsVC^^ , W = CiWC^^ , (13.28) 



where 



Ci = n^{l + hf{UVW-')) = I + h\-'Y.^kEk,k+i, (13.29) 

k=l 

N 

C2 = U_[l + hf{W-'UV))=I + h\-'Y.^kEk,k+i, (13.30) 

fc=i 

N 

Cs = n^{l + hf{VW-'U))=I + h\-'J2CkEk,k+i- (13.31) 



fc=l 



14 Modified relativistic Volterra lattice 

14.1 Equations of motion 

The phase space of the modified relativistic Volterra hierarchy MRVL(q;; e) will be denoted 
by MTZV = M^^(t/, z). The modification parameter e plays a role somewhat different from 
the relativistic parameter a. The equations of motion of the flow MRVL+(q;; e) read: 

.. , .(zk + aykZk Zk-i + ayk-iZk-i\ 

Vk = yk[i- + eyk) , 

\l-eaykZk I - eayk-iZk-i J 

(14.1) 



Zk 



,-, , ( yk^\ ^ Oiyk+\Zk^i yk + otykZk\ 

Zk[l + ezk) 

\ I- eayk+iZk+i 1 - eaykZkJ 



The equations of motion of the flow MRVL_(a; e) read: 

j Zk Zk—l 

yk = yk{l + eyk) 



Zk — Zk{l + eZk) 



^ 1 + a{yk+i + Zk) + eayk+iZk 1 + a{yk + Zk-i) + eaykZk-i J 

(14.2) 

yk+i m \ 

1 + a{yk+i + Zk) + eayk+iZk 1 + a{yk + Zk-i) + eaykZk-i J 



14.2 Hamiltonian structure 

Proposition 14.1 The relations 

{yk,Zk]23a = -ykZk{l + eyk){l + ezk) , 

(14.3) 

{Zk,yk+l}23a = -Zkyk+i{l + e^fc)(l + ei/fe+i) 

define a Poisson bracket on AiTZV{y,z). The flows MRVL-|-(«;e) are Hamiltonian with 
respect to this bracket with the Hamilton functions 

N N N 

Gil\y, z) = t-^ J2 log(l + ^Vk) + e"' E log(l + ^^k) - e~' E log(l - eat/fc^;^) (14.4) 
i,_i j,_i i,_i 



and 

W TV 

Gi~Jiy,z) = (e-«)-^^log(l + ei/fc) + (e-a)^^^log(l + e2;fc) 

A;=l fc=l 

AT 

-(e - a)"^ Yl log (l + "(l/fc + ^fc-i) + eai/fc^fe-i) , (14.5) 

k=l 

respectively. The functions GqJ and GqJ are in involution in the bracket {■, ■}23a- 
Notice that the bracket {■, ■}23a actually does not depend on a. 

14.3 Miura relations 

Theorem 14.2 a) The flows MRVL±{a; e) are the pull-backs of the flows MRTL^^\a; e) 
under the Miura transformation Ml (a; e) : A4TZV{y, z) i-^ A4TZT(q,p) defined by 

{Pk = yk + Zk-i + eykZk-i , 
Qk = • 
1 - eaykZk 

This Miura transformation is Poisson, if both AiTZV{y,z) and AiTZT{q,r) carry the 
corresponding brackets {■, ■}23a- 

b) The flows MRVL-|-(a; e) are the pull-backs of the flows RVL(a) under either of the 
Miura transformations Mi 2(0^3^) '■ M-TZV^y, z) \-^ TZV{u,v) defined by 



r(+) 



MY>{a;e) : { 



t/fc(l + ezk-i] 

Uk 

i - eayk~iZk~i 

(14.7) 
Zk{l + tyk) 

Vk 



Mi+\a;e) 



1 - eayk-iZk^i 


Zk{l + tyk) 


1 - eaykZk ' 


yk{l + ezk) 


1 - eaykZk 


Zk{l + eyk+i) 



Uk 

i - eaykZk 

(14.8) 

Zkil + eyk+i) 

Vk = 

1 - eayk+iZk+i 



Both Miura transformations Mi2{a;e) are Poisson, if AiTZV{y,z) is equipped with the 
bracket {-, ■}23a o-nd 7lV{u,v) is equipped with the bracket {■, ■}2q + e{-, -jsa- 
c) the following diagram is commutative for j = 1,2; 



Mi^\a;e) 



MUV 



MUT 



M^;\a;e) 



M5+)(a;e) 



7^v 



Ml 



nr 



There is only one Miura transformation MJ (a; e) relating the modified relativistic 
Volterra hierarchy MRVL(a; e) to the modified relativistic Toda hierarchy MRTL''^'*(a; e). 
Of course, this is no surprise: the situation with the unmodified systems was exactly the 
same: the hierarchies RVL(a) and RTL(a) are related by only one Miura transformation 
Ml. Actually, there exists a "twin" MRVL(a; e) hierarchy related to MRTL*-^'*(a; e) via 

the "twin" Miura transformation M2 (q^5^)- 



14.4 Application: localizing change of variables for dRVL+(a) 

The Miura map M[ {a; h) plays the role of the localizing change of variables for the 
map dRVL+(a;). Indeed, consider the change of variables 7?.V(u, v) 1-^ lZV{u,v): 



MY\a;h) : Uk = u.k 



1 + /lVfc_i 



1 + hui 



, Vk = ^rk -, ^- (14.9) 

1 - /laUfc-iVfc-i 1 - toUfcVfc 

The the entries of the factors Aj, j = 1,2,3 (see ( |13.25| )- (|13.27| )) admit local expressions 
in the coordinates (u, v): 



ak = 
Ik 



[l + huk){l + h-v 



fc-ij 



1 - /iaufc_iVfc_i 

l + /iUfc)(l + hvk-i] 

1 - hauk^k 

(l + /lUfc)(l + /lVfc) 

1 - hauk^k 



(14.10) 

(14.11) 
(14.12) 



Theorem 14.3 The change of variables (|14.9|) conjugates dRVL+(a) with the map on 
7^V(u, v) described by the following equations: 



Ufc 



1 + /iVfc-l 

1 - /iaufc-iVfc_i 
1 + huk 



Vfc 



/laUfcVfc 



Ufe 



Vfc 



1 + h\k 
1 - hauk^k ' 

1 + huk+i 
1 - hauk+i^k+i 



(14.13) 



We see that the local form of dRVL+(a) lives in the hierarchy MRVL(q;; h). 

Corollary. The local form o/dRVL+(a) is a Poisson map with respect to the following 
bracket on 7^V(u, v); 



{Ufc,Vfc} 



-UfeVfc(l + h\ik){l + hwk 



(14.14) 



{vfc, Ufc+i} = -VfcUfc+i(l + hwk){l + h\ik+i] 
which is the pull-hack of the bracket 



(14.15) 



on the space TZV{u,v) under the change of variables ( |14.9D . 

Finally, we give the translations of the Miura relations between the maps dRVL4.(a;) 
and dRTL+(a) into the language of localizing variables. This is achieved by reformulating 
the part c) of Theorem [14. 2| . 

Theorem 14.4 a) The following diagram is commutative: 



M[^\a]h) 
7^V(u,v) 7^T(a,b) 



r(+) 



MY\a]h) 



r(+) 



MY\a;h) 



nV{u,v) 



Ml 



nT{a, h) 



where the map MJ (a; h) : 7^V(u, v) i-^ 7^T(a, b) is given by the formulas 

UfeVfe 



r(+) 



Mr^a;^) : 



a^ = , 

1 - /laUfcVfc 

bfc = Ufc + Vfc_i + /iUfcVfc_i 



(14.16) 



b) The map M{ (a]h) conjugates the local form o/dRVL4.(a) ( |14.13| ) with the local 
form of dRTL+ (a) ([lOll) . 



r(+) 



c) The map Mj (a;h) is Poisson, provided 7^V(u, v) is equipped with the bracket 



( |14.14]) , and TZT{si,h) is equipped with the bracket ( |10.44| ). 
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hierarchies, relevant for the problem of integrable discretizations, as well as for an ex- 
tensive list of references. The concept of localizing changes of variables appeared there 
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